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Lattice QCD enables precision tests of the Standard Model when accurate 
theory and experiment results can be brought together. 
The ground-state charmonium mesons (𝜂c, J/𝜓) provide such an opportunity. 

To achieve high precision we have: 

1) Used HPQCD’s Highly Improved Staggered Quark (HISQ) action - 
designed as a very accurate discretisation of the Dirac equation.

E. Follana et al, HPQCD, hep-ph/0610092

2) Used gluon field configs that include u, d, s and c sea quarks with the 
HISQ action (generated by MILC). Lattice spacing (a) values range from  
0.15fm to 0.03fm. u/d sea quark masses from ms/5 to physical. 

D. Hatton, CD, B. Galloway, J. Koponen, 
P.Lepage, A.Lytle, 2005.01845

3) Included ‘quenched’ QED to allow for effects from electric charge of c 
quark. (Random photon field incorporated with gluon when solving Dirac eq.) 
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Tune mc so that J/𝜓 mass correct for every gluon ensemble (a fixed from w0/f𝜋 ).
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Calculate ‘connected’ correlators only - 𝜂c annihilation to gluons NOT included. 
Key question: What impact does this have? c
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included for 0- and 1- not included

Including QED INCREASES the hyperfine splitting by 
0.8% (0.7% direct and 0.1% from retuning mc)
There is an additional QED contribution from J/𝜓 
annihilation to a photon - estimate with pert. th. as +0.7 
MeV. 

Impact of 
QED on 
hyperfine 
splitting

More calculational details
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Impact of 
QED on 
decay 
constants

Including QED INCREASES the decay constants by 0.2% 
(0.3% direct and -0.1% from retuning mc)

D. Hatton et al, HPQCD, 2005.01845

Fit correlators to obtain ground-state 
masses and amplitudes = decay constants

0 0T T

R0 =
QCD+QED

QCD

���
fixed am
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]Hyperfine splitting in QCD+QED - 
extrapolate to a=0 and physical u/d 
masses in sea. (Note: a2 effects are 
small for HISQ; allow a2n terms up 
to a10 in extrapolation.)
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experiment

Hyperfine Splitting:MJ/ �M⌘c
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pure QCD QCD+QED

�
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Experimental av.

D. Hatton et al, HPQCD, 2005.01845

Conclude: lattice QCD+QED connected calculation of 
hyperfine splitting disagrees with experiment. If this is 
because of missing 𝜂c annihilation, then 

�Mannihiln
⌘c

= +7.3(1.2)MeV
<latexit sha1_base64="o+kJZGK2GOol8LT3p2RrI/fJ7b4="></latexit>

Leading order NRQCD pert. th. gives -3 MeV, but 
subleading terms could easily change sign. Not (yet) 
calculable directly in lattice QCD. 
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Decay constants of 𝜂c and J/𝜓
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h0| �µ |J/ (~p = 0)i = fJ/ MJ/ "µ
<latexit sha1_base64="Hz5B++hDdPOn9VF9b7ev36xk/d0="></latexit>

h0| �5�0 |⌘c(~p = 0)i = f⌘cM⌘c
<latexit sha1_base64="pPJnQJ6ASISHG2hLj2Cuiihw0ZA="></latexit>

Hadronic parameter for 
annihilation to a photon 

�(J/ ! `+`�) =
4⇡

3
↵2
QEDQ

2
c

f2
J/ 

MJ/ 
<latexit sha1_base64="nhFLgmXICn1sDjTPVi5AzMc86FU="></latexit>

D. Hatton et al, HPQCD, 2005.01845

Must normalise lattice 
vector current carefully 
- use RI-SMOM since 
respects Ward identity 
on lattice. 
D. Hatton et al, 
HPQCD, 1909.00756

Extrapolation to a=0

fJ/ 
f⌘c

= 1.0284(19)
<latexit sha1_base64="VgFpat3q/BJJswiD9XkowaSVaJQ="></latexit>

Systematics cancel in 
decay constant ratio 

0.2% accurate! and > 1

Agrees with, but more 
accurate than, experiment

�(J/ ! e+e�) =

5.637(49) keV
<latexit sha1_base64="/kKkrNQNn7qOGf3cUGaUhcRZCzg="></latexit>

0.4% accurate physical result
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Tensor decay constant of the J/𝜓 D. Hatton et al, HPQCD, 2008.02024

h0| �↵� |J/ i = ifT
J/ (µ)(✏↵p� � ✏�p↵)

<latexit sha1_base64="K7PqcM0qS3PKsbziJTyzK4//pfU="></latexit>

scheme and scale-dependent
Must renormalise tensor current in lattice QCD - use 
intermediate momentum-subtraction scheme, RI-SMOM, on 
lattice and account for nonperturbative ‘condensate’ 
contributions 
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[1312.2858] twisted-mass nf = 2

This work RI-SMOM

Fit allows for (𝛬/𝜇)2 condensates 

Ratio of tensor to vector decay constants

fT (MS, 2GeV)

fV
= 0.957(5)

<latexit sha1_base64="O3BEXYjBgJhvl3g8kRGtFQlKqqM="></latexit>

Use to set bounds on 
BSM decay rates. 

Clearly <1
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Charm quark contribution to anomalous magnetic moment of the muon, ac𝜇

µ

q

q

~µ = g
⇣ e

2m

⌘
~S

aµ =
g � 2

2

Least well-known contribution is that of  
‘hadronic vacuum polarisation’ - quark bubble 
for each flavour attached to photon. 

Calculate in lattice QCD+QED using vector 
correlators, either via time-moments or by direct 
integration

J J

D. Hatton et al, HPQCD, 2005.01845
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Impact of QED = +0.2% 
from mc retuning

acµ =
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14.638(47)⇥ 10�10
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Small part of 
total HVP, but 
still needed for 
accurate SM a𝜇
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Extend calculations to bottomonium D. Hatton et al, HPQCD, 2101.08103
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Use HPQCD’s ‘heavy-HISQ’ approach, fitting results at multiple mh and multiple a to obtain results at b in continuum. 

Hyperfine splitting 

M⌥ �M⌘b
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= 57.5(2.5)MeV
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Good 
agreement 
with Belle

f⌥
f⌘b

= 0.945(10)
<latexit sha1_base64="MH1vqIG5G3AUk3t8xqIbFDwkEhQ="></latexit>

Decay constant 
ratio >1 for c; 
<1 for b 

�(⌥ ! e+e�) =
<latexit sha1_base64="elT6aWm9TVnJMG/+IeqyeF7week="></latexit>

1.292(37) keV
<latexit sha1_base64="ZQxpSMb6Zyy79pBJVQTmR24hPUU=">AAACAXicdVDLSgMxFM3UV62vUTeCm2ARKkiZTMW2u6IblxXsAzpDyaSZNjTzIMkIZagbf8WNC0Xc+hfu/BszbQUVPXDhcM693HuPF3MmlWV9GLml5ZXVtfx6YWNza3vH3N1ryygRhLZIxCPR9bCknIW0pZjitBsLigOP0443vsz8zi0VkkXhjZrE1A3wMGQ+I1hpqW8eoLJdt0uV6gl0Tp0Aq5EI0jFtT/tm0SpbloUQghlB1XNLk3q9ZqMaRJmlUQQLNPvmuzOISBLQUBGOpewhK1ZuioVihNNpwUkkjTEZ4yHtaRrigEo3nX0whcdaGUA/ErpCBWfq94kUB1JOAk93ZjfK314m/uX1EuXX3JSFcaJoSOaL/IRDFcEsDjhgghLFJ5pgIpi+FZIRFpgoHVpBh/D1KfyftO0yqpTt67Ni42IRRx4cgiNQAghUQQNcgSZoAQLuwAN4As/GvfFovBiv89acsZjZBz9gvH0Cv56VNw==</latexit>

Good agreement 
with experiment
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J. Harrison et al, HPQCD, 2007.06956, 2007.06957

Bc ! J/ `⌫
<latexit sha1_base64="IfG4RBFo92u44Bm9veZhszgKKK8="></latexit>

*FIRST* lattice QCD calculation
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FIG. 5. The points show our lattice QCD results for each form factor as given in Tables VIII, IX, X and XI multiplied by the
pole function of Eq. (26) and plotted in z-space. The legend gives the mapping between symbol colour and shape and the set
of gluon field configurations used, as given by the lattice spacing, and the heavy quark in lattice units. The blue curve with
error band is the result of our polynomial fit in z with lattice spacing and heavy quark mass dependence (Eq. (27)), evaluating
the result in the continuum limit and for the b quark mass, to give the physical form factor for Bc ! J/ .

use are given, with their uncertainties, in Table XIV. To
determine the mistuning of the u/d = l quark mass in
the sea we take

am
tuned
l

= am
tuned
s

/�[ms/ml], (34)

with �[ms/ml] = 27.18(10) from [49].
We take priors of 0(1) for each bn for each form factor,

multiplying terms of order O(a2) by 0.5 because a
2 errors

are removed in the HISQ action at tree-level [7]. We also
use priors of 0.0(0.5) for each Bn, Cn and Dn for each
form-factor since sensitivity to sea quark masses enter
only at 1-loop. All remaining priors are taken as 0(1). We
have checked that the prior width is conservative using
the empirical Bayes criterion [50].

In doing our fit to Eq. (27) we impose the kinematical

Use HISQ with multiple heavy 
quark masses (amh < 1) for a 
range of fine lattice spacings 
down to 0.045 fm and fit
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FIG. 7. Helicity amplitudes plotted as a function of q2.
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FIG. 8. Angular di↵erential decay rates for light fi-
nal state lepton `, from the top down, d�/dq2d cos(✓J/ ),
d�/dq2d cos(✓W ) and d�/dq2d� normalised by the total decay
rate �(Bc ! J/ `

�
⌫`).

FIG. 9. The di↵erential rate d�/dq2, normalised by the total
decay rate �.

FIG. 10. Plot showing the stability of the total rate com-
puted from the heavy-HISQ fit under variations of correlator
fits. The x axis value corresponds to N = �3+4�2+16�1+64�4
where �n is the value of � corresponding to the fit given in ta-
ble VII for set n, the black horizontal line and red error band
correspond to our final result and the blue points and blue
error band correspond to the combination of fit variations as-
sosciated to N .

fit variations is plotted in figure 10, where we see that
our final result is insensitive to such variations.

We also investigate the e↵ect of including fewer poles
in (26) by repeating our analysis including only the first
Npoles resonances listed in table XIV. Figure 11 shows the
magnitude of the coe�cient corresponding to the order z

term, a1, coming from fits including di↵erent numbers of
poles, as well as the resultant value of �. We use priors
of 0(1), 0(2), 0(3) and 0(4) for each b

ijk

n
, for Npoles = 4,

Combine the 4 ffs into 
W helicity amplitudes

Contributes only 
for heavy leptons 
i.e. 𝜏, because it 
appears multiplied 
by lepton mass in 
the rate. 

A1 form factor
3
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FIG. 3. d�/dq2 in the SM for the ` = µ and ` = ⌧ cases,
normalised to the total rate for ` = µ, �µ.

for F = A0, A1, A2, V and where

z(t+, t0, q
2) =

p
t+ � q2 �

p
t+ � t0p

t+ � q2 +
p

t+ � t0
. (6)

t� is the maximum value of q2, t� = (MBc �MJ/ )
2, t+

is the pair production threshold, t+ = (MB + MD⇤)2

and P (q2) =
Q

Mpole
z(t+, Mpole, q2). The meson and

subthreshold resonance masses, Mpole, that need to be
used in reconstructing the form factors are given in [25].
We assemble the helicity amplitudes using Eq. (4); these
are plotted as a function of q2 in Figure 2 (Figure 10
of [25]). Di↵erential and total decay rates are then cal-
culated. Where an integration over q2 is necessary we use
a simple trapezoidal interpolation in order to ensure co-
variances are carried through correctly, taking su�ciently
many points that the results are insensitive to the addi-
tion of any further points.

The di↵erential rate d�/dq2 is plotted in Figure 3, com-
paring SM rates for l = µ and l = ⌧ . We also compute
the total decay rates, and from these R(J/ ) = B(B�

c !

J/ ⌧�⌫⌧ )/B(B�
c ! J/ µ�⌫µ). We find

�(B�
c ! J/ µ�⌫µ)/|⌘EWVcb|

2 = 1.74(12) ⇥ 1013 s�1

= 11.45(79) ⇥ 10�12 GeV

�(B�
c ! J/ ⌧�⌫⌧ )/|⌘EWVcb|

2 = 4.54(29) ⇥ 1012 s�1

= 2.99(19) ⇥ 10�12 GeV, (7)

and their ratio

R(J/ ) = 0.2601(36). (8)

The error budget for these results is given in Table II. The
largest contributions for both �(` = ⌧) and �(` = µ) are

TABLE II. Error budget for � for the cases ` = ⌧ and ` = µ

and their ratio, R(J/ ). Errors are given as a percentage of
the final answer. See [25] for more details.

�/|⌘EWVcb|
2

Source ` = µ ` = ⌧ R(J/ )

mh dependence 2.4 2.2 0.6

continuum limit 3.9 3.6 0.8

sea-quark mass e↵ects 3.5 3.3 0.3

lattice spacing determination 1.2 1.2 0.1

Statistics 3.5 3.1 1.0

Other 1.4 1.3 0.0

Total(%) 6.9 6.4 1.4

the discretisation e↵ects from the heavy quark mass, the
statistical uncertainty in the lattice data and the quark
mass mistunings e↵ects. These errors and their potential
improvement are discussed in [25]. There is significant
cancellation of these correlated errors in R, resulting in a
factor of ⇡ 5 reduction in uncertainty compared to �, and
leaving the dominant error that from lattice statistics.
The value for R(J/ ) is very close to that expected in
the SM for R(D⇤) [12]. R(J/ ) is given here as the ratio
of the rates to ⌧ and µ; we showed in [25] that the decay
rates to µ and e di↵er by 0.4%.

R
NP (J/ ), ANGULAR OBSERVABLES AND

TESTS OF LEPTON FLAVOR UNIVERSALITY

The e↵ects of new physics (NP) may be considered
through the inclusion of complex-valued NP couplings,
gi, i 2 S, P, V, A, T, T5, in the e↵ective Hamiltonian de-
scribing b ! c`⌫ decays [36]. Ref. [37] takes new physics
to appear in the ` = ⌧ channel only and fits the gi indi-
vidually against the experimental average values of R(D)
and R(D⇤). Angular observables sensitive to the di↵er-
ent NP scenarios are then constructed. Here we use the
values of g for left-handed and right-handed vector cou-
plings given in [37], which we reproduce here in Eq. (9),
and examine their impact on R(J/ ) and the angular
observables for Bc ! J/ .
In Figure 4 (left-hand plot) we see that the semitauonic

di↵erential rate increases very markedly for the best fit
value of gVL or gVR inferred from R(D(⇤)) [37]. This
results in a corresponding 10� increase of R(J/ ), to
give the values below.

gVR = �0.01 � i 0.39; RgVR (J/ ) = 0.3045(42), (9)

gVL = 0.07 � i 0.16; RgVL (J/ ) = 0.3045(42),

These increased values of R(J/ ) are then in agreement
with the current experimental average value of R(D⇤)
that gVL and gVR were designed to reproduce.

Calculate ratio of 
rates to 𝜏 and 𝜇 in 
SM :

e, 𝜇, or 𝜏

R(J/ ) = 0.2582(38)
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R(J/ ) = 0.71(25)
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First LHCb result: A discrepancy would imply 
non-SM lepton flavour 
universality violation. Hints 
of this being seen else-
where .. 

1.5% uncty

2

ated with the heavy quarks. The c quark is handled very
accurately in lattice QCD as long as improved discreti-
sations of the Dirac equation are used. A particularly
accurate approach is that of HPQCD’s Highly Improved
Staggered Quark (HISQ) action [7] and it is the one that
we will use here for all quarks. For c quarks a recent
calculation using HISQ [8] obtained a 0.4% uncertainty
in the J/ decay constant and showed good control of
lattice discretisation e↵ects all the way to very coarse
lattices with a spacing of 0.15 fm. Discretisation e↵ects
are larger for the b quark. Indeed, since we expect dis-
cretisation e↵ects to grow as a power of the heavy quark
mass in lattice units, amh, we need to work on fine lat-
tices to approach the b quark mass, and this is what we
will do here. The dominant discretisation e↵ects in the
HISQ action behave as a

4, since tree-level a
2 errors are

removed and those that include powers of ↵s are heavily
suppressed. This means that discretisation e↵ects can
be controlled for quarks with masses mh between that
of the c and the b on lattices with lattice spacing below
0.1 fm. By working with a range of quark masses reach-
ing up to that of the b on a range of lattice spacings, we
can map out both the dependence on mh and the de-
pendence on amh, both of which are smooth functions,
and obtain a physical value in the continuum limit for
the b quark. This ‘heavy-HISQ’ approach was developed
by HPQCD for B meson decay constants [9, 10] and is
now being extended to form factors [11]. Its e�cacy has
been demonstrated for Bs ! Ds form factors for the full
q
2 range in [12] and here we apply it to Bc ! J/ . A

big advantage of this approach is that the lattice current
operators that couple to the W boson can be normalised
fully nonperturbatively, e.g.[12–15], avoiding the system-
atic errors associated with the perturbative normalisa-
tion needed if a nonrelativistic approach is used for the
b quark in lattice QCD [3, 4].

A further motivation for studying Bc ! J/ semilep-
tonic decay in detail is to calculate the ratio, R(J/ ), of
the partial widths for the outgoing lepton to be a ⌧ com-
pared to that for it to be an e or µ. The analogous results
for B decays, R(D) and R(D⇤), e.g.[16–19], have been
a source of tension between experiment and the Stan-
dard Model [20], implying lepton-universality violation.
Recent results from Belle, on the contrary, show good
agreement with the Standard Model [21]. This makes
it very important to test lepton-universality violation in
other processes and we can obtain R(J/ ) from our form
factors for comparison with ongoing LHCb analyses. We
will present those results and analyses of other lepton-
universality violation tests separately [22]; here we focus
on the form factors and di↵erential rates for W decay to
µ or e.

The subsequent sections are organised as follows:

• In section II we begin by outlining the relevant ex-
perimental observables and relate them to the in-
variant form factors coming from QCD matrix ele-
ments.

J/ 

µ
+

µ
�

`
�

⌫`

B
�
c

�

✓W

✓J/ 

W
�

<latexit sha1_base64="j+ODDqbIVyZhlaDtWxlJeJ+s+IU=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgxbAbBT0GvXiMaB6QrGF20kmGzM4uM7NCWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAajm6nffEKleSQfzDhGP6QDyfucUWOl++bjWbdYcsvuDGSZeBkpQYZat/jV6UUsCVEaJqjWbc+NjZ9SZTgTOCl0Eo0xZSM6wLalkoao/XR26oScWKVH+pGyJQ2Zqb8nUhpqPQ4D2xlSM9SL3lT8z2snpn/lp1zGiUHJ5ov6iSAmItO/SY8rZEaMLaFMcXsrYUOqKDM2nYINwVt8eZk0KmXvvFy5uyhVr7M48nAEx3AKHlxCFW6hBnVgMIBneIU3RzgvzrvzMW/NOdnMIfyB8/kD0xSNfg==</latexit>

FIG. 1. Definitions of the angular variables �, ✓W and ✓J/ 
defined in the rest frame of the decaying B

�
c , W� and J/ 

respectively.

• Section III gives an overview of methods generic
to the extraction of matrix elements from HISQ
three-point and two-point correlation functions in
lattice QCD, and discusses our choices of operators,
polarisations and momenta appropriate to extract
the form factors specified in II.

• Section IV details the specifics of our lattice cal-
culation including our non-perturbative current
renormalisation.

• In section V we present the direct results of the
lattice calculation and discuss the extraction of the
physical continuum form factors as a function of q

2

• Finally in sections VI and VII we use our form fac-
tors to compute the physical di↵erential rates for
B

�
c

! J/ µ
�
⌫µ and discuss the significance of

these results and implications for future work.

II. THEORETICAL BACKGROUND

Here we give the partial rates for B
�
c

! J/ (!
µ

+
µ

�)`�⌫` where ` is the final state lepton as di↵er-
entials with respect to q

2 and angular variables defined
in the standard way in Fig. 1. In this work we consider
only the cases ` = µ and ` = e. The partial rates are ob-
tained from the full di↵erential decay rate assuming the
J/ decay is purely electromagnetic and summing over
µ

+
µ

� helicities (assuming that the µ
+
µ

� are massless
and hence pure helicity eigenstates) [23]. This gives

d�

dq2
=

G
2
F

(2⇡)3
|⌘EWVcb|

2 (q2
� m

2
`
)2|~p0|

12M
2
Bc

q2

⇥

h �
H�

2 + H0
2 + H+

2
�

+
m

2
`

2q2

�
H�

2 + H0
2 + H+

2 + 3Ht
2
�i

, (1)

LHCb, 1711.05623

Increasing mass
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Conclusions

•  The hyperfine splitting result shows that the impact of  𝜂c annihilation on its mass is +7(1) MeV

• Lattice QCD results for 𝜂c and J/𝜓 have reached high precision, and now include the effects of the 
c quark electric charge (QCD+quenched QED). 

• The calculation of the J/𝜓 leptonic width is now more accurate (0.9%) than experiment and 
agrees well with it.

Future
• Extension of vector and tensor decay constant calculations to heavy-light mesons is underway. 

• Extension of the calculation to bottomonium gives a hyperfine splitting that agrees well with 
recent experiment, and an  𝛶  leptonic width that also agrees with experiment. The ratio of 
vector to pseudoscalar decay constants flips from >1 at c to <1 at b. 

• Form factor calculations using ‘heavy-HISQ’ also being extended to further processes. 
J. Harrison + CD, HPQCD, 2105.11433, Bs to Ds* semileptonic decay


