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12 Phenomenology

Here I discuss various aspects of the phenomenological analysis. First let me
remind formulas for observables
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Now, let me summarise the experimental data, see Table below.

Baryon Br[J/ ! BB̄]⇥ 103 ↵B �B =
��� G

g
E+GE

Gg
M+GM

��� QB = Br[ (2S)!BB̄]
Br[J/ !BB̄]

⇥ 100

p 2.121(29) 0.595(12) 0.823 13.86(3)
n 2.09(16) 0.50(4) 0.943 14.64(14)
⇤ 1.89(9) 0.469(26) 0.834 20.43(11)
⌃0 1.172(32) �0.449(20) 2.11 20.96(27)
⌃± 1.50(29) �0.510(20) 2.27 7.22(48)
⌅± 0.97(8) 0.58(4) 0.606 26.73(50)

For large charm mass one finds

QB
mc!1
⇡ Ql =

Br[ (2S)! e
+
e
�]

Br[J/ ! e+e�]
⇥ 100 = 13, 21.

A deviation from this ration can be considered as a first indication about e↵ect
of the expected corrections.

13 Appendix

13.1 The inverse derivative for the antiproton

For the antiproton we have
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asymptotic criteria

Theoretical estimates

Carimalo, 1987 constituent quarks, non-relativistic nucleon WF

Murgia, Melis, 1995 constituent quark mass               

 in the LT factorisation formula

mi = ximN

↵N = 0.70
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↵N = 0.561� 0.963
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Largest amount of papers are dedicated to Br’s and constrains of baryon DAs 



decay  J/ ! pp̄

AQQ̄[QQ̄ ! 3g ! pp̄] = A(0)
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AQQ̄ can be systematically computed within EFT framework

A0 =

Z
Dxi'3(xi)

Z
Dyi'3(yi) TH(xi, yi,m

2
c
)

Dxi = dx1dx2dx3 �(x1 + x2 + x3 � 1)

Distribution amplitude                      describes how the long. momentum is shared between

 the constituents 

p
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(pi)0 ⇠ (pi)3 ⇠ mc

Long distance physics associated with the nucleon WF’s

int. measure

pi = xi p+ p?i p?i ⇠ ⇤p2i ⇠ ⇤2



decay  J/ ! pp̄ : challenges in the calculation GE

 A systematic description of GE involves higher twist nucleon DA’s

h0 |u(a1z)u(a2z)d(a3z)| piz2=0 ! '3(xi) 3 quarks with Lq = 0

Schematically:

h0 |u(a1z)[D?u(a2z)]d(a3z)| piz2=0 ! '4(xi) 3 quarks with Lq=1

h0 |u(a1z)u(a2z)]d(a3z)A?(a4z)| piz2=0 ! '4(xi) 3 quarks & gluon

twist-3

twist-4

FT

FT

FT



twist 3

twist 4

chiral

odd

chiral

even

WW decomposition:

Braun et al, ’00, ’08,
Manashov, Anikin ‘13

 Shäfer, Wein ‘15
Anikin ‘15

models:

(examples)

quark-gluon operators contribute starting from and will be neglected

Baryon LCDA’s
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Appendix
A Long distance matrix elements

Here we provide a brief summary of the required nonperturbative matrix elements and LCDAs.
For the heavy quark sector we only need the NRQCD matrix element

h0|�†
!(0)�

µ
 !(0) |P i = ✏

µ
 f . (A.1)

The operator in (A.1) is constructed from the quark  ! and antiquark �†
! four-component spinor

fields satisfying /! ! =  !, /!�! = ��!. The coupling f is related with the radial wave function
at the origin

f =
q
2MJ/ 

r
3

2⇡
R10(0). (A.2)

The value R10(0) is well known from various potential models, for instance for the Buchmuller-
Tye potential [33]

|R10(0)|
2
' 0.81GeV3

. (A.3)

One can also estimate this coupling from J/ ! e
+
e
� decay using the well known formula

for the leptonic width
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+
e
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16

3
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. (A.4)

This gives ( Br[J/ ! e
+
e
�] = 5.97%, ↵s = 0.3, ↵em = 1/130)

|R10(0)|
2
' 0.76 GeV3

, (A.5)

which is quite close to the value (A.3).
The nucleon matrix elements are more complicated. In the definitions given below we use

kinematics and notations introduced in the Section 2. For simplicity, in this Appendix we
consider the matrix elements only for the nucleon state and we also imply the light-cone gauge

n ·A
(n̄)(x) = 0, (A.6)

in order to simplify the formulas.
The twist-3 DAs are defined as (i, j, k are the colour indices)

D
0
���"ijkui↵(z1�)u

j
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k
�(z2�)

��� k
E

tw3
=

1

4
[ /k C]↵� [�5Nn̄]� FT [V1(yi)]

+
1

4
[ /k�5C]↵� [Nn̄]� FT [A1(yi)] +

1

4
[i�?kC]↵�

h
�
?
�5Nn̄

i

�
FT [T1(yi)] , (A.7)

where

FT [F (yi)] =

Z
Dyi e

�iy1k0�z1+/2�iy2k0�z2+/2�iy3k0�z3+/2
F (y1,y2, y3), (A.8)

with
Dyi = dy1dy2dy3�(1� y1 � y2 � y3). (A.9)

We also explicitly write the large component of the nucleon spinor

Nn̄ =
/̄n/n

4
N(k). (A.10)
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NRQCD m.e.

multiplicative factors cancel 

Nucleon m.e.

Comments to the hard kernel calculations:  

Individual diagrams have the IR end-point singularities (soft gluon limit),

which cancel in the sum of all diagrams (color neutrality). Hence collinear 

factorisation is not violated. 

Twist-4 projection of the m.e. includes the derivatives with respect to quark  transverse 
momenta, which makes the calc to be more involved comparing to GM 

N.Kivel, 2019/21 (updated in Arxiv)

4-dim integrals over the mom. fractions can be easily computed in 
mathematica using the standard integration package

Im GE = 0 absence of phys. cuts



decay  J/ ! pp̄

�1

fN
(J2[A1,Vi] + J4[A1,Ai]) = 720 ('10 + '11)

⇥

✓
�1

fN
(15.8314 + 4.2911⌘10 + 13.6088⌘11)� 11.9730� 52.3240'10 + 65.7126'11

◆
. (102)

�1

fN
J5[T1, Tij ] = 2880

�1

fN
⌘11 (�8.0319 + 55.2759'11)

+ 2880
�
7.5219� 42.6915'11 + 87.2430'2

11

�
. (103)

The contributions with the higher coe�cients '2i have only been used for the COZ model (see
detail below) and the corresponding integrals have been computed numerically.

For our estimates we consider the parameters obtained from the QCD sum rules [20] and
from the analysis of the light-cone sum rule for the nucleon electromagnetic form factors (ABO
model) [22]. We also consider the models with the parameters which were recently obtained by
lattice calculations in Ref. [24].

As a kind of di↵erent scenario, we consider for twist-3 DA '3 the model 'II from Ref. [26]
(COZ-model). The twist-4 DAs in this case include the appropriate WW-terms and we also add
the simplest genuine twist-4 contribution with the moment �1. Therefore, we denote this model
with the sign plus. The values of the corresponding parameters are given in the Table1.

model fN ,GeV2
'10 '11 '20 '21 '22 �1/fN ⌘10 ⌘11

ABO 4.9⇥ 10�3 0.047 0.047 0 0 0 �6.27 �0.038 0.13
Lattice 3.5⇥ 10�3 0.18 0.12 0 0 0 12.68 0 0
COZ+ 4.9⇥ 10�3 0.154 0.182 0.38 0.054 �0.146 �6.27 0 0

Table 1: The LCDA parameters for the di↵erent models at µ2 = 4 GeV2 .

In our estimates for the branching ratio we always assume that µ2 = 2m2
c ,andmc = 1.5 GeV2,

this gives ↵s ' 0.3. The value of f is fixed by Eq.(A.3). Performing the required calculations
we obtain the following results.

ABO-model. Setting I1 = 0 as a starting point we obtain ↵ = �0.323. The negative value

shows that in this case in Eq.(86) |GM |
2
<

4m2
N

M2
 

|GE |
2, i.e. the integral J in Eq.(85) provides a

large contribution, which gives the large value of GE . Hence, we can conclude that the power
correction described by I1 must also be large in order to make ↵ close to the experimental
value. The value I1 can be estimated by fitting the value of ↵. In ABO model one needs a
very large value I1 ' 81 which yields a very strong numerical e↵ect in the branching ratio:
103Br[J/ ! pp̄]' 30.4. The experimental branching ratio is about an order of magnitude
smaller [16]

103Br[J/ ! pp̄]exp ' 2.112± 0.004. (104)

A possible solution of this discrepancy is that the value of A2 is somewhat overestimated in
the ABO model. The largest contribution to A2 is generated by the integral J5 (103), which is
proportional to product �1⌘11. Therefore, reducing the value ⌘11 and slightly modifying other
parameters as 103fN ' 4.5GeV2, �10 = �11 = 0.06, �1/fN ' �6.22, ⌘11 ' 0.05 (remember
that µ2 = 4GeV2) yields

I1 = 40, ↵ ' 0.581, 103Br[J/ ! pp̄] ' 5.881, (105)
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n ·A
(n̄)(x) = 0, (A.6)

in order to simplify the formulas.
The twist-3 DAs are defined as (i, j, k are the colour indices)
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where

FT [F (yi)] =

Z
Dyi e

�iy1k0�z1+/2�iy2k0�z2+/2�iy3k0�z3+/2
F (y1,y2, y3), (A.8)

with
Dyi = dy1dy2dy3�(1� y1 � y2 � y3). (A.9)

We also explicitly write the large component of the nucleon spinor

Nn̄ =
/̄n/n

4
N(k). (A.10)
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Appendix
A Long distance matrix elements

Here we provide a brief summary of the required nonperturbative matrix elements and LCDAs.
For the heavy quark sector we only need the NRQCD matrix element

h0|�†
!(0)�

µ
 !(0) |P i = ✏

µ
 f . (A.1)

The operator in (A.1) is constructed from the quark  ! and antiquark �†
! four-component spinor

fields satisfying /! ! =  !, /!�! = ��!. The coupling f is related with the radial wave function
at the origin

f =
q
2MJ/ 

r
3

2⇡
R10(0). (A.2)

The value R10(0) is well known from various potential models, for instance for the Buchmuller-
Tye potential [33]

|R10(0)|
2
' 0.81GeV3

. (A.3)

One can also estimate this coupling from J/ ! e
+
e
� decay using the well known formula

for the leptonic width
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This gives ( Br[J/ ! e
+
e
�] = 5.97%, ↵s = 0.3, ↵em = 1/130)

|R10(0)|
2
' 0.76 GeV3

, (A.5)

which is quite close to the value (A.3).
The nucleon matrix elements are more complicated. In the definitions given below we use

kinematics and notations introduced in the Section 2. For simplicity, in this Appendix we
consider the matrix elements only for the nucleon state and we also imply the light-cone gauge

n ·A
(n̄)(x) = 0, (A.6)

in order to simplify the formulas.
The twist-3 DAs are defined as (i, j, k are the colour indices)
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with
Dyi = dy1dy2dy3�(1� y1 � y2 � y3). (A.9)

We also explicitly write the large component of the nucleon spinor
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4
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Eichten, Quigg 1995  (Buchmuller-Tye potential):

non-perturbative input

These parameters are important for the description of the 

branching ratios and remain the same for all baryons

Renormalisation scale:



Nucleon DAs are fixed from LCSR analysis of nucleon FF’s
 Anikin, Braun, Offen (NLO LCSR), 2013

decay  non-perturbative input

�1

fN
(J2[A1,Vi] + J4[A1,Ai]) = 720 ('10 + '11)

⇥

✓
�1

fN
(15.8314 + 4.2911⌘10 + 13.6088⌘11)� 11.9730� 52.3240'10 + 65.7126'11

◆
. (102)

�1

fN
J5[T1, Tij ] = 2880

�1

fN
⌘11 (�8.0319 + 55.2759'11)

+ 2880
�
7.5219� 42.6915'11 + 87.2430'2

11

�
. (103)

The contributions with the higher coe�cients '2i have only been used for the COZ model (see
detail below) and the corresponding integrals have been computed numerically.

For our estimates we consider the parameters obtained from the QCD sum rules [20] and
from the analysis of the light-cone sum rule for the nucleon electromagnetic form factors (ABO
model) [22]. We also consider the models with the parameters which were recently obtained by
lattice calculations in Ref. [24].

As a kind of di↵erent scenario, we consider for twist-3 DA '3 the model 'II from Ref. [26]
(COZ-model). The twist-4 DAs in this case include the appropriate WW-terms and we also add
the simplest genuine twist-4 contribution with the moment �1. Therefore, we denote this model
with the sign plus. The values of the corresponding parameters are given in the Table1.

model fN ,GeV2
'10 '11 '20 '21 '22 �1/fN ⌘10 ⌘11

ABO 4.9⇥ 10�3 0.047 0.047 0 0 0 �6.27 �0.038 0.13
Lattice 3.5⇥ 10�3 0.18 0.12 0 0 0 12.68 0 0
COZ+ 4.9⇥ 10�3 0.154 0.182 0.38 0.054 �0.146 �6.27 0 0

Table 1: The LCDA parameters for the di↵erent models at µ2 = 4 GeV2 .

In our estimates for the branching ratio we always assume that µ2 = 2m2
c ,andmc = 1.5 GeV2,

this gives ↵s ' 0.3. The value of f is fixed by Eq.(A.3). Performing the required calculations
we obtain the following results.

ABO-model. Setting I1 = 0 as a starting point we obtain ↵ = �0.323. The negative value

shows that in this case in Eq.(86) |GM |
2
<

4m2
N

M2
 

|GE |
2, i.e. the integral J in Eq.(85) provides a

large contribution, which gives the large value of GE . Hence, we can conclude that the power
correction described by I1 must also be large in order to make ↵ close to the experimental
value. The value I1 can be estimated by fitting the value of ↵. In ABO model one needs a
very large value I1 ' 81 which yields a very strong numerical e↵ect in the branching ratio:
103Br[J/ ! pp̄]' 30.4. The experimental branching ratio is about an order of magnitude
smaller [16]

103Br[J/ ! pp̄]exp ' 2.112± 0.004. (104)

A possible solution of this discrepancy is that the value of A2 is somewhat overestimated in
the ABO model. The largest contribution to A2 is generated by the integral J5 (103), which is
proportional to product �1⌘11. Therefore, reducing the value ⌘11 and slightly modifying other
parameters as 103fN ' 4.5GeV2, �10 = �11 = 0.06, �1/fN ' �6.22, ⌘11 ' 0.05 (remember
that µ2 = 4GeV2) yields

I1 = 40, ↵ ' 0.581, 103Br[J/ ! pp̄] ' 5.881, (105)
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twist-3 twist-4

The four-dimensional convolution integrals can be easily computed numerically. The explicit
results for di↵erent convolution integrals are presented in Appendix C.

For our estimates we consider the parameters obtained from the QCD sum rules [20] and
from the analysis of the light-cone sum rule for the nucleon electromagnetic form factors (ABO
model) [22]. We also consider the models with the parameters which were recently obtained in
lattice calculations in Ref. [24].

As a di↵erent scenario, we consider for twist-3 DA '3 the model 'II from Ref. [26] (COZ-
model). The twist-4 DAs in this case include the appropriate WW-terms and we also add the
genuine twist-4 moments. Therefore, we denote this model with the sign plus. The values of
the corresponding parameters are given in the Table 1.

model fN ,GeV2
'10 '11 '20 '21 '22 �1/fN ⌘10 ⌘11

ABO 4.8⇥ 10�3 0.047 0.047 0.069 �0.024 0.15 �6.27 �0.037 0.13
Lattice 3.5⇥ 10�3 0.051 0.033 0 0 0 �12.68 0 0
COZ+ 4.8⇥ 10�3 0.154 0.182 0.38 0.054 �0.146 �6.27 �0.037 0.13

Table 1: The LCDA parameters for the di↵erent models at µ2 = 4 GeV2 .

In our estimates for the branching ratio we always assume mc = 1.48 GeV2 and take for the
renormalisation scale two values µ

2 = 2m2
c and µ

2 = 1.5 GeV2, which correspod to ↵s ' 0.30
and ↵s ' 0.35, respectively. The value of f is fixed by Eq.(A.3). Performing the required
calculations we obtain the following results.

ABO-model. Let us consider first the ratio (88), which is less sensitive to the value of the
factorisation scale µ. We obtain

GE

GM
=

J

4I0
= 0.67, ( or ↵ = 0.71). (100)

This result is valid for all values of µ as described above. The obtained value is about 20%
smaller than the experimental value in Eq.(88) and can be accepted as a reasonable leading-
order approximation. The dominant numerical e↵ect in GE is provided by the chiral-odd integral
J5 (57) or more explicitly: by the asymptotic term in WW contribution and by the genuine twist-
4 contribution ⇠ �1⌘11, see more details in (C.8). Neglecting the contributions of the integrals
J1,2,3,4 and the momenta 'ij in (C.8) one finds

J

4I0

����
J1,2,3,4=0,'ij=0

= 0.23� 0.41
�1⌘11

fN
= 0.558, (101)

which must be compared with the exact value in Eq.(100). This is a good illustration of the
important role, which is provided by the 3-quark configuration with the orbital momentum
Lq = 1. The e↵ect of the amplitude GE in the branching ratio is small because it is suppressed
by the factor 2m2

N/M
2
 , see Eq. (82). For the di↵erent choices of the factorisation scale µ

2 =

2m2
c � 1.5 GeV2 we obtain

103Br[J/ ! pp̄] ' 0.47� 1.43, (102)

while the experimental branching ratio reads [16]

103Br[J/ ! pp̄]exp ' 2.112± 0.004. (103)

Hence we observe, that a reliable description of the branching in this model can only be obtained
for the relatively small values of the renormalisation scale µ.
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where we introduced the convenient normalisation factor

A0 =
f 

m2
Q

f
2

N

m4
Q

(⇡↵s)
3 10

81
. (83)

The subleading term in Eq.(81) is unknown but together with A2 it provides the next-to-leading
power contribution to GM . The constant I1 can be understood as a dimensionless ratio of the
collinear integrals. The amplitude A2 in Eq.(52) can also be written as

A2 = A0
2m2

N

M2
 

J. (84)

Using (82)-(84) one finds

GE ' A0I0

✓
1 +

1

2
J/I0

◆
, GM ' A0I0

 
1 +

m
2
N

M2
 

I1 +
2m2

N

M2
 

J/I0

!
. (85)

Obviously, the power corrections in GM in Eq.(85) are the part of the total power suppressed
contribution.

The exact expression for the coe�cient ↵ describing the angular distribution in Eq.(1) reads

↵ =
|GM |

2
�

4m2
N

M2
 

|GE |
2

|GM |
2 +

4m2
N

M2
 

|GE |
2
. (86)

If A1 � A2, then A2 can be neglected in GM and GE and one receives the expression from Eq.(2).
The e↵ect from the total power correction can be obtained by the substitution of expressions in
Eq. (85). Obviously, this observable does not depend on the normalisation A0 which has large
uncertainty from the value of ↵s.

The accurate measurements carried out by BESIII provide [16]

↵ = 0.595± 0.012. (87)

From the known ↵ one easily gets the ratio |GE | / |GM | [16]

|GE | / |GM | = 0.832± 0.015. (88)

This result allows one to conclude that the e↵ect from the amplitude A2 is not negligible if one
wants to accurately get the value of ↵.

Below we consider the qualitative analysis of ↵ and the the branching ratio. In this analysis
we consider the power correction to A1 provided by the constant I1 as a free real parameter.
The integrals I0 and J are given in Eqs.(13) and (53). Their values depend on the models of
LCDAs.

For the nucleon twist-3 LCDA we will use the model with the truncated conformal expansion
from Ref. [22]

'3(xi) ' 120x1x2x3 (1 + '10P10(xi) + '11P11(xi) +'20P20(xi) + '21P21(xi) + '22P22(xi)) (89)

where
P10(xi) = 21(x1 � x3), P11(xi) = 7(x1 � 2x2 + x3), (90)

14

P20(xi) =
63

10

⇥
3(x1 � x3)

2
� 3x2(x1 + x3) + 2x22

⇤
, (91)

P21(xi) =
63

2
(x1 � 3x2 + x3)(x1 � x3), (92)

P22(xi) =
9

5

⇥
x
2
1 + 9x2(x1 + x3)� 12x1x3 � 6x22 + x

2
3

⇤
. (93)

The coupling fN and the coe�cients 'ij are multiplicatively renormalizable and corresponding
anomalous dimensions can be found in Refs. [22, 28].

The required twist-4 LCDAs reads

�4(xi) = fN �WW
4 (xi) + �1�̄4(xi), (94)

 4(xi) = fN  WW
4 (xi)� �1 ̄4(xi). (95)

The functions with the indexWW correspond to the Wandzura-Wilczek contributions, which are
defined by the '3(xi). The explicit expressions for these functions were obtained in Refs. [28,29].
To our accuracy they read

�WW
4 (xi) '� 40

✓
2�

@

@x3

◆
x1x2x3 � 20

1X

k=0

'1k

✓
3�

@

@x3

◆
x1x2x3P1k(xi)

� 12
2X

k=0

'2k

✓
4�

@

@x3

◆
x1x2x3P2k(xi). (96)

The formula for  WW
4 (xi) can be obtained from (96) by following substitutions in the rhs:

@/@x3 ! @/@x2 and Pnk(1, 2, 3) ! Pnk(2, 1, 3). Notice that the di↵erentiations must be com-
puted with the unmodified expressions of the polynomials Pnk(xi) in Eqs.(90) and (93) and only
after that one can apply the condition x1 + x2 + x3 = 1.

For the genuine twist-4 functions in Eqs. (94) and (95) we also use the truncated conformal
expansions

�̄4(x1, x2, x3) = 24x1x2 (1 + ⌘10R10(x3, x1, x2)� ⌘11R11(x3, x1, x2)) , (97)

 ̄4(x1, x 2, x3) = 24x1x3 (1 + ⌘10R10(x2, x3, x1) + ⌘11R11(x2, x3, x1)) , (98)

where

R10(x1, x2, x3) = 4 (x1 + x2 � 3/2x3) , R11(x1, x2, x3) =
20

3
(x1 � x2 + x3/2) . (99)

The twist-4 moments �1, ⌘10 and ⌘11 are multiplicatively renormalizable, see the details in
Refs. [22, 28].

The four-dimensional convolution integrals can be easily computed numerically. For the
models with '20 = '21 = '22 = 0 we obtained the following expressions

I0 = 1202
�
0.1054 + 0.0659 '10 + 0.0304'11 + 0.4882'10'11 + 0.0013'2

10 + 0.0889 '
2
11

�
, (100)

�1

fN
(J1[V1,Vi] + J3[V1,Ai]) = 720

�1

fN
(�0.6034� 0.8831⌘10 � 2.1094⌘11

+ (3'10 � '11) (19.8397 + 5.6226⌘10 � 12.6575⌘11) )

+ 720 (14.7409� 10.6743'10 + 8.7325'11 � 431.9460'10'11

+1206.8950'2
10 + 9.8826'2

11

�
. (101)

15

do not contribute at this order

overlap with lattice calc Bali et al (RQCD), 2019 
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Conclusions  
Both decay amplitudes GE & GM, associated with the 3g annihilation, are computed

 within the QCD EFT framework.

The numerical ratios of these 3g-amplitudes are in agreement with the exp. data 
within 10-30% accuracy, except for the 𝛴-channel.   

A description of the 𝛴-channels requires a much stronger SU(3) violation, which can 
only give a very large ratio |GE/GM|≃2.  Dynamical origin of this effect is not clear, 
perhaps a final state interaction?  

The interference of the QCD amplitudes and the e.m. baryon FF’s are important! 
However includes unknown relative phases and e.m. |GE| (in preparation)

The existing models for baryon DAs provide reliable description of Br’s for the 
relatively low norm. scale only 

The power corrections of order 𝛬2/mc2 to GM are also computed (higher twist 3q 
DAs). Preliminary: they give about 9%  effect for N/𝛬, which is not large. (in 
progress)

Thanks!


