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QCD description 
of LHC event

this talk: focus on 
initial state radiation



Underlying framework: 
collinear factorization

• hard scale M≫ΛQCD 
→ process factorizes 
into 

• partonic process  
(= scattering of quarks and 
gluons + production of ‘hard’ 
final state) 

• parton distribution 
functions (probability to 
find parton with momentum 
fraction x inside hadron) 

• Everything else 
suppressed by  
powers of Q0/M

Forward Higgs production at NLO in the heavy quark limit

May 26, 2018
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• x-dependence of pdfs 
from fit to HERA, 
Tevatron, LHC, …. data 

• M2-dependence:  
theory prediction: 
DGLAP evolution  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Quark and Gluon Distributions

● For several different types of partons, must take into account different processes by which
parton of type i can enter or leave the element (δt, δx). This leads to coupled DGLAP
evolution equations of form

t
∂

∂t
Di(x, t) =

X

j

Z 1

x

dz

z

αS

2π
Pij(z)Dj(x/z, t) ≡

αS

2π
Pij ⊗ Dj

● Quark (i = q) can enter element via either q → qg or g → qq̄, but can only leave via
q → qg. Thus plus-prescription applies only to q → qg part, giving

Pqq(z) = P̂qq(z)+ = CF

 

1 + z2

1 − z

!

+

Pqg(z) = P̂qg(z) = TR [z2 + (1 − z)2]

● Gluon can arrive either from g → gg (2 contributions) or from q → qg (or q̄ → q̄g).
Thus number arriving is
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● Gluon can leave by splitting into either gg or qq̄, so that
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Pgq(z) = Pgq̄(z) = P̂qq(1 − z) = CF
1 + (1 − z)2

z
.

● Using definition of the plus-prescription, can check that
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• Pab(z): 
splitting 
kernel



proton momentum 
fractionαtreated 
exactly (no 
approximation)

σ̂

k1,T , (1− z1)z2z3

k2,T , (1− z2)z3x

k3,T , (1− z3)xp

n

DGLAP= evolution from 
low scale (hadron) to 
hard scale (process) 

transverse momenta 
strongly ordered 
ki,T≫ki+1,T (=neglect 
information on kT⟷ isolate 
logarithmic enhanced term ~ 
collinear factorization)
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decomposition 
of momenta



real part of 
splitting kernels 
= emission 
probability 

σ̂

k1,T , (1− z1)z2z3

k2,T , (1− z2)z3x

k3,T , (1− z3)xp

n

DGLAP = 
branching of 
partons

virtual parts: 
exponentiated into 
non-emission 
probability 

parton shower 
formulation

● Quark Sudakov form factor is then

∆q(t) ≃ exp

"

−
Z t

2t0

dt′

t′

Z 1−t0/t′

t0/t′
dz

αS

2π
P̂qq(z)

#

.

● Careful treatment of running coupling suggests its argument should be p2
T ∼ z(1 − z)t′.

Then at large t

∆q(t) ∼
„

αS(t)

αS(t0)

«p ln t

,

(p = a constant), which tends to zero faster than any negative power of t.

● Infrared cutoff discussed here follows from kinematics. We shall see later that QCD dynamics
effectively reduces phase space for parton branching, leading to a more restrictive effective
cutoff.

● Each emitted (timelike) parton can itself branch. In that case t evolves downwards towards
cutoff value t0, rather than upwards towards hard process scale Q2. Due to successive
branching, a parton cascade or shower develops. Each outgoing line is source of new
cascade, until all outgoing lines have stopped branching. At this stage, which depends on
cutoff scale t0, outgoing partons have to be converted into hadrons via a hadronization
model.

25

basis of Monte Carlo 
event generator (Pythia, 

Herwig, …)



Monte Carlo principle (simplified)
• throw dices (=random numbers) to obtain a certain momentum 

configuration for n final state particles (exact momentum 
conservation!) 

• order momentum in kT and assign them their place in the evolution 
chain 

• use parton shower formulation of DGLAP to calculate probability 
weight of this configuration ….  

• For inclusive event: must agree with QCD result→ theoretical basis 

• Obtain exclusive information about the event → essential for 
detector simulation, unfolding, ….



Note: there’s a fine mismatch

• DGLAP (theory): transverse momenta strongly 
ordered ki,T≫ki+1,T (=neglect information on kT⟷ isolate 

logarithmic enhanced term ~ collinear factorization) 

• Monte Carlo: momentum configuration which obeys 
exact momentum conservation + order them (no 
strong ordering) to assign probability weight 

• Does it matter?



Hannes Jung at RBRC workshop: 
compare parton shower 
(MC) against pure NLO 
for single inclusive jet



• mismatch due to “exact kinematics” (parton shower in 
MC) vs. “strong ordering”(pure NLO) 

• not a problem for an approximate description & lower 
energies — a challenge for higher precision at high 
center of mass energies (LHC) → higher pT 

• large in low x region (forward rapidities), but also 
sizable at mid-rapidities →equal or larger than 
uncertainties of current (N)NLO calculations 

• collinear factorization: “exact kinematics” enters only 
through higher order corrections → one reason why 
(N)NLO corrections can be large



Transverse momentum dependent 
(TMD) factorization
• proposed solution: start with exact kinematics from the 

very beginning — at least keep momentum fractions & 
transverse momentum  

• a wide field, see R. Angeles-Martinez et al.., “Transverse Momentum 
Dependent (TMD) parton distribution functions: status and prospects”, arXiv:
1507.05267, Acta Phys.Polon. B46 (2015) no.12, 2501-2534. for detailed 
overview 

• Here: extend DGLAP to exact transverse momentum, 
guided by high energy factorization

• central: desire a QCD description



In addition:
• practical need for low x phenomenologist: many 

(forward) observables require integration over 
gluon x → sensitivity to large x region  
 (e.g. fragmentation function, not completely 
exclusive final state, applications to MPI …) 

• need to model BFKL/BK gluon in large x region 
(error!) or introduce matching scheme (how?) 

• BEST: low x pdf that works for all x

(less ambiguous goals …)



2 versions of partonic evolution 

• DGLAP: ordering in kT↔ kT 
not conserved →resum ln(M2) 

• BFKL: ordering in momentum 
fraction 𝛼i  
→ 𝛼/“energy” not conserved 
→ resum ln(s) 
+gluons only at leading order 

• both agree in the double 
logarithmic limit 
𝛼n≫ 𝛼n-1≫…≫ 𝛼1 and  
k1,T≫ k2,T≫…≫ kn,T

σ̂

k1,T ,α1

k2,T ,α2

k3,T ,α3p

n

essential: extension requires 
new underlying matrix 
elements; NOT simply 
generalize kinematics



A possible definition of TMD splitting functions

A possible way to achieve this ....

use formulation of DGLAP evolution/collinear factorization in terms of 2
particle irreducible expansion, e.g. DIS process
[Curci, Furmanski, Petronzio, Nucl.Phys. B 175 (1980) 27]

l = n � x · p

p

=

l = n � x · p

p

C2q

K

qg

K

gq

• axial, light-cone gauge:
collinear singularities only form
propagator which connect
sub-amplitudes

• to isolate coe�cient of
collinear singularities use
projectors in spinor/Lorentz
space

• calculate DGLAP splitting
functions as expansion in ↵

s
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our approach: start with diagrammatic 
definition of collinear factorization



A possible definition of TMD splitting functions

!

k

q

“upper” (outgoing) projectors:

Pµ⌫

gluon, out = �g

µ⌫ , Pquark, out =
/
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2q · n

“lower”(incoming) projectors:
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d � 2

✓
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k
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⌫ + n
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k
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◆
, Pquark, in =

/

k

2
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A possible definition of TMD splitting functions

Calculating a splitting function ...

K̂

(0)
gq

(q, k) ⌘
k

q

• contains propagator of out-going
parton

• incoming propagators amputated +
incoming on-shell k

2 = 0
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gq
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2
, ✏, ↵

s
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Z
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allows to extract splitting function P
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first TMD  splitting: Pgq by Catani-Hautmann (low x 
resummed splitting  kernels) 

k

q

A possible definition of TMD splitting functions

TMD gluon-to-quark splitting

k

q upper blob: no low x logarithm; finite defines a TMD
quark-to-gluon splitting function

P

(0)

qg

✓
z,

k2

q̃2

, ✏

◆
= Tr

✓
�2

�2 + z(1 � z) k2

◆
2

·
"
z

2 + (1 � z)2 + 4z

2(1 � z)2
k2

�2

#

� = q � zk

so far: take into account o↵-shellness of incoming gluon (most upper
gluon in ladder); quark standard collinear factorization ) transverse
momentum integrated over
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generalization to off-shell outgoing momentum q, using 
effective vertices (reggeized quarks) adapted to finite 
momentum fraction

[Catani, Hautmann, NPB427 (1994)]

[Hautmann, MH, Jung; 1205.1759]

advantage: well defined as coefficient of high energy 
resumed splitting kernels



The challenge:

• standard collinear factorization: incoming parton (k) 
on-shell →gauge invariance/current conservation 
with light-cone gauge + standard QCD vertices 

• extension to off-shell: require generalized production 
vertices → help from high energy factorization

to derive gauge invariant 3-point vertices, and uses it to compute the corresponding
3-gluon vertex; the former used Lipatov’s e↵ective action, the latter resorts to spinor
helicity techniques. Sec. 4 is dedicated to a discussion of projection operators and their
necessary modifications compared to refs. [31,32]. Sec. 5 contains the central results of
this paper i.e. the complete set of real contributions to the TMD splitting functions.
Sec. 6 is dedicated to a discussion of our results. Two appendices A and B contain
supplementary details and a representation of splitting kernels using an alternative set
of variables.

2 Definition of TMD splitting functions: real con-

tributions

(a) P̃qg

k

p�

q

1

(b) P̃gq

1

(c) P̃qq

1

(d) P̃gg

Figure 1: Squared matrix elements for the determination of the real contributions to the

splitting functions à-la Curci-Furmanski-Petronzio. Lower (incoming) lines carry always mo-

mentum k, upper (outgoing) lines carry momentum q.

The matrix elements involved in the calculation of the real contributions to the
leading order (LO) splitting functions are presented in Fig. 1. The incoming momen-
tum, called k, features high energy kinematics, while the outgoing momentum, q, is
taken in its most general form. The 4-momenta will be parametrised as follows

k

µ = yp

µ + k

µ
? , q

µ = xp

µ + q

µ
? +

q

2 + q2

2x p·n n

µ
, q̃ = q � zk . (1)

Here p and n are two light-like momenta (p2 = n

2 = 0) which refer to the two di↵erent
light-cone directions for a fixed scattering axis; in the case of Deep-Inelastic-Scattering,
one would for instance parametrize the virtual photon momentum as q = n � xp with
x = Q

2

/(2p · q), while p would yield the proton momentum in the limit of zero proton
mass. We will also use z = x/y to denote the longitudinal momentum fraction of
the initial parton k carried on by the parton q. Within this setup, pure high energy
kinematics corresponds to z = 0, while collinear kinematics is obtained for k = 0.
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Quark splittings — easier

• production vertices of high energy factorization  
generalize relatively easy 

• guarantees current conservation for off-shell legs 
(close relation to Wilson lines)

3 Production vertices from spinor helicity ampli-

tudes

The calculation of the real contributions to the P̃qg, P̃gq and P̃qq in [2] was based on
the e↵ective 3-point vertices,

�µ
q⇤g⇤q(q, k, p

0) = i g t

a

✓
�

µ � n

µ

k · n q/

◆
, (11)

�µ
g⇤q⇤q(q, k, p

0) = i g t

a

✓
�

µ � p

µ

p · q k/
◆
, (12)

�µ
q⇤q⇤g(q, k, p

0) = i g t

a

✓
�

µ � p

µ

p · p0 k/+
n

µ

n · p0 q/
◆
. (13)

These vertices have been obtained from Lipatov’s e↵ective action formalism [33, 34]
and afterwards slightly generalized to the TMD kinematics of Eq. (1). While a corre-
sponding vertex �g⇤g⇤g can be easily obtain from Lipatov’s e↵ective action, the general-
ization to TMD kinematics turns out to be far less trivial. Within the e↵ective action
formalism, an o↵-shell gluon corresponds to a reggeized gluon which is automatically
associated with a specific polarization, proportional to the light-cone momenta p and
n. While this is su�cient for the incoming o↵-shell gluon with momentum k, the CFP
formalism requires open indices for the out-going gluon with momentum q. One is
therefore driven to consider instead, the so-called gluon-gluon-reggeized gluon (GGR)
vertex. This vertex is well known, see [34, 52] for a construction in covariant gauges.
Indeed we will find that use of the corresponding GGR vertex in A · n = 0 light-cone
gauge is su�cient to calculate the TMD splitting kernel. Nevertheless the direct use
of this vertex is not completely satisfactory: Within this vertex, the gluon with mo-
mentum q is treated as an ordinary QCD gluon; o↵-shellness of this gluon leads then
naturally to a violation of current conservation and therefore gauge invariance. Be-
low we verify that current conservation and therefore gauge invariance is restored by
adding a term proportional to n

µ, which is set to zero within the employed light-cone
gauge. While such a restoration of current conservation might have been expected
from the very beginning, we demonstrate below that such a term indeed arises out
of a proper Feynman diagram analysis, deviating slightly from the strategy employed
in [2]. In particular we demonstrate that the necessary production vertices can be as
well obtained from a direct study of QCD scattering amplitudes in the high energy limit.

To this end we will first recover the vertices (11)-(13) by stripping o↵ the helicity
dependence from scattering amplitudes computed by applying spinor helicity methods
to high energy factorization [15, 16, 35–38]. In a next step we will use then this for-
malism to infer the structure of the 3-point gluon vertex to be used to compute P̃gg(z).
While our result is obtained within the spinor helicity formalism, we would like to stress
that this formalism provides merely a convenient framework for fast calculation; the
obtained result is on the other hand completely general and could have been equally

7
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• turns out: Lipatov high energy effective action in 
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The first case is trivial since due to the factor d

µ⌫(k), the projector y

2

p

µ
p

⌫
/k

2

?
automatically reduces to k

µ
?k

⌫
?/k

2

? due to Eq. (44).
As for �µ1µ2µ3

g⇤g⇤g (k, q, p0), it is easy to check that

kµ1 �
µ1µ2µ3
g⇤g⇤g (k, q, p0) = O(k2

?) . (49)

As a consequence we find

y pµ1 �
µ1µ2µ3
g⇤g⇤g (k, q, p0) = �k?µ1 �

µ1µ2µ3
g⇤g⇤g (k, q, p0) + O(k2

?) , (50)

which is su�cient to establish agreement in the collinear limit, at least at the pertur-
bative order which we are considering; indeed, this means that the collinear limit is
exactly the same as for the Catani-Hautmann projector. Therefore, the final set of
projectors which we will use in the following is given by

Ps µ⌫
g, in = �y

2

p

µ
p

⌫

k

2

?
, Ps µ⌫

g, out = �g

µ⌫ +
k

µ
n

⌫ + k

⌫
n

µ

k · n � k

2

nµn⌫

(k · n)2 ,

Ps
q, in =

y p/

2
, Ps

q, out =
/

n

2n · l . (51)

Finally, let us note that the convolution product we have just dissected in detail is
precisely the one in Eq. (2) from which we derived the definition of our TMD splitting
functions. For the collinear case, an all-order argument for the derivation of splitting
functions is presented in [32], to which we refer the interested reader.

4.3 Gauge invariance of the e↵ective production vertex

The e↵ective gluon production vertex,

�µ1µ2µ3
g⇤g⇤g (q, k, p0) = V�µ3(�q, k,�p

0) dµ1
�(q) d

µ2
(k)

+ d

µ1µ2(k)
q

2

n

µ3

n · p0 � d

µ1µ2(q)
k

2

p

µ3

p · p0 (52)

obtained in Eq. (29) is so far still restricted to pure high energy kinematics, where
n · q = 0 and therefore n · k = n · p0. This no longer holds for the more general TMD
kinematics Eq. (1). While the QCD three gluon vertex is already fixed for general
momenta, n · k 6= n · p0 leaves us at first with an ambiguity for the denominator of
the second term in Eq. (29) which cannot be fixed by high energy factorization alone.
Similar to the case of the quark splitting functions, we find that this ambiguity can be
solved if we require current conservation for the produced real gluon. To this end we
first recall the Ward identity of the QCD three gluon vertex in the case where both
gluons are o↵-shell,

V�µ3(�q, k,�p

0) · p0µ3
=

�
k

�
k

 � q

�
q


�
+

�
q

2 � k

2

�
g

�
. (53)
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use effective vertices + CFP projectors adapted to off-
shell incoming particle: TMD splitting kernels (real part)

5.1 Quark splitting functions

For the quark splitting functions previously computed in [1, 2, 31] we confirm the pre-
vious results, after including the modification discussed in the foregoing section. For
completeness we present here the precise expressions for the TMD splitting functions

P̃

(0)

qg = TR

✓
q̃2

q̃2 + z(1 � z)k2

◆
2

⇥

1 + 4z2(1 � z)2

k2

q̃2

+ 4z(1 � z)(1 � 2z)
k · q̃
q̃2

� 4z(1 � z)
(k · q̃)2
k2q̃2

�
, (58)

P̃

(0)

gq = CF

✓
q̃2

q̃2 + z(1 � z)k2

◆
2 q̃2

(q̃ � (1 � z)k)2

⇥

2

z

� 2 + z + 2(1 � z)(1 + z � z

2)
k2

q̃2

+ z(1 � z)2(1 + z

2)
k4

q̃4

+ 4z2(1 � z)2
k2 k · q̃

q̃4

+ 4(1 � z)2
k · q̃
q̃2

+ 4z(1 � z)2
(k · q̃)2

q̃4

�

+ ✏CF
zq̃2 (q̃ � (1 � z)k)2

(q̃2 + z(1 � z)k2)2
, (59)

P̃

(0)

qq = CF

✓
q̃2

q̃2 + z(1 � z)k2

◆
2 q̃2

(q̃ � (1 � z)k)2

⇥

1 + z

2

1 � z

+ (1 + z + 4z2 � 2z3)
k2

q̃2

+ z

2(1 � z)(5 � 4z + z

2)
k4

q̃4

+ 2z(1 � 2z)
k · q̃
q̃2

+ 2z(1 � z)(1 � 2z)(2 � z)
k2 k · q̃

q̃4

� 4z(1 � z)2
(k · q̃)2

q̃4

�
+ ✏CF

(1 � z)q̃2(q̃ + zk)2

(q̃2 + z(1 � z)k2)2
, (60)

and for the angular averaged TMD splitting functions (with ✏ = 0)

P̄

(0)

qg = TR

✓
q̃2

q̃2 + z(1 � z)k2

◆
2


z

2 + (1 � z)2 + 4z2(1 � z)2
k2

q̃2

�
, (61)

P̄

(0)

gq = CF


2q̃2

z|q̃2 � (1 � z)2k2| � (2 � z)q̃4 + z(1 � z

2)k2q̃2

(q̃2 + z(1 � z)k2)2

�
, (62)

P̄

(0)

qq = CF
q̃2

q̃2 + z(1 � z)k2

⇥


q̃2 + (1 � z

2)k2

(1 � z)|q̃2 � (1 � z)2k2| +
z

2q̃2 � z(1 � z)(1 � 3z + z

2)k2

(1 � z)(q̃2 + z(1 � z)k2)

�
. (63)

It is easy to check that the above splitting functions reduce to the collinear DGLAP
results when k2 ! 0.
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reduced to DGLAP splittings in collinear limit ✓

5.2 The gluon-to-gluon splitting function

The real part of the P̃gg splitting function is given by the matrix element originating
from the diagram in Fig. 1d

g

2

�

�
(k � q)2

�
Wgg = Pg, in ⌦ K̂

(0)

gg (q, k) ⌦ Pg, out =

P��0

g, in(k)P
µ0⌫0

g, out(q)(�
�µ↵
g⇤g⇤g)

†�⌫�0↵0

g⇤g⇤g

�id

µµ0
(q)

q

2 � i✏

id

⌫⌫0(q)

q

2 + i✏

d

↵↵0
(k � q), (64)

where �µ⌫↵
g⇤g⇤g is the e↵ective gluon production vertex of Eq. (52) and we use the newly

defined gluon projector Eq. (51). We obtain the following P̃gg splitting function

P̃

(0)

gg (z, q̃,k) = 2CA

⇢
q̃4

(q̃ � (1 � z)k)2 [q̃2 + z(1 � z)k2]


z

1 � z

+
1 � z

z

+

+ (3 � 4z)
q̃ · k
q̃2

+ z(3 � 2z)
k2

q̃2

�
+

(1 + ✏)q̃2

z(1 � z)[2q̃ · k + (2z � 1)k2]2

2k2[q̃2 + z(1 � z)k2]2

�
.

(65)

After angular averaging (and setting ✏ = 0) this provides

P̄

(0)

gg

✓
z,

k2

q̃2

◆
= CA

q̃2

q̃2 + z(1 � z)k2


(2 � z)q̃2 + (z3 � 4z2 + 3z)k2

z(1 � z) |q̃2 � (1 � z)2k2|
+

(2z3 � 4z2 + 6z � 3)q̃2 + z(4z4 � 12z3 + 9z2 + z � 2)k2

(1 � z)(q̃2 + z(1 � z)k2)

�
. (66)

5.3 Kinematic limits

As a next step we verify the necessary kinematic limits which the kernel needs to obey.
In the collinear limit this is straightforward, since the transverse integral in Eq. (2) is
specially adapted for this limit. In particular, one easily obtains the real part of the
DGLAP gluon-to-gluon splitting function:6

lim
k2!0

P̄

(0)

ij

✓
z,

k2

q̃2

◆
= 2CA


z

1 � z

+
1 � z

z

+ z (1 � z)

�
. (67)

In order to study the behaviour of the obtained splitting kernel in the high energy
and soft limit, it is useful to change the variables of integrations in the TMD kernel
Eq. (2) which will be particularly useful to disentangle z ! 1 and the q̃ ! (1 � z)k

6We verified this limit also for finite ✏ where it holds equally.
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 Pgg satisfies important constrains

✓  from 2→3 scattering amplitude or Lipatov’s action 
in light-cone gauge + generalized CFP projectors 

✓current conservation 

✓collinear limit: DGLAP splitting 

✓ low x limit: BFKL kernel 

✓soft limit pT →0: CCFM kernel 
byproduct from requesting the first 3 points

1

kT

qT pT



just the beginning not the end …
• complete set of 4  real TMD splitting kernels 
→satisfies all necessary constraints so far 

• partial evolution equation already formulated  
[MH, Kusina, Kutak; 1607.01507]

• virtual corrections = work in progress 
• in general: need to properly develop the whole 

framework → what are we actually doing? 
• at the very least: a consistent way to combine DGLAP 

and BFKL;  
• valuable to extend low x distributions to large x 
• hope: get a handle on kinematic corrections → 

precision


