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In the original formulation of the SM the flavour sector is defined by the
Yukawa lagrangian given by

−LY = (Yu)ijQ̄LiuRj Φ̃ + (Yd)ijQ̄LidRjΦ + (Ye)ijL̄LieRjΦ + h.c (1)

The minimality of construction of eq. (1) implies massless neutrinos and the fact
that lepton flavor numbers are individually conserved at any order.

However, experimental evidence of neu-
trino oscillation ⇒ LF numbers are not
conserved, and claims for an extended
model with tiny neutrino mass.

The mixing of three light neutri-
nos could be described through
UPMNS matrix, which connects
flavour eigenstates with mass eiges-
tates

νeνµ
ντ

 =

Ue1 Ue2 Ue3
Uµ1 Uµ2 Uµ3
Uτ1 Uτ2 Uτ3

ν1ν2
ν3

 (2)



Motivation

SM + neutrino oscillation
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The UPMNS matrix can also give rise,
at one loop level, to charged Lepton
Flavor Violations (cLFV) processes as
l±i → l±j γ, Z → `±i `

∓
j , l±i → `±j `

±
k `
∓
k .

However negligible rates are expected
due to a GIM-like mechanism. Except
for τ± → µ±`±`∓??????



Experimental limits

So far, no evidence of cLFV!

Limits for some branching ratio of cLFV processes. Presently the best limit is on
the µ+ → e+γ decay set by the MEG experiment.



Experimental limits

So far, no evidence of cLFV!

Belle-II shall be able to set limits on the τ → 3µ decay at the level of 3 · 10−10

with their full data set (50 ab−1 ).

Belle-II Physics Book, Belle-II Collaboration and B2TIP-Community



Theoretical predictions

• µ→ eγ T. P.

Cheng and L. F. Li,

Gauge Theory Of

Elementary Particle

Physics

BR(µ→ eγ) '
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∼ 10−54.



At this point it is very important to note that:

There is an unexpected difference of more than 30 orders of magnitude
between the predictions for the τ± → µ±γ decay and τ → µ±µ±µ∓

channel.



Contributions to L− → `−`′−`′+ LFV decays
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Feynman diagrams for the L− → `−`′−`′+ decays, in the presence of lepton
mixing.



µ± → e±e±e∓

? S. T. Petcov, Sov. J. Nucl. Phys.

25, 340 (1977).

Some relevant aspects of this calculation are

Masses and momenta of the external particles
were neglected for the penguin with two
neutrino propagators and box diagrams

Getting analytical expressions for the loop
integrals is possible

The dominant amplitudes come from the
penguin with two neutrino propagators and box
diagrams, and both are proportional to
∆ij = m2

i −m2
j .

τ± → µ±`±`∓

† X. Y. Pham, Eur. Phys. J. C 8,
513 (1999).

Some relevant aspects of this calculation are

The momentum transfer q2 by the Z boson is
neglected in the denominator of the Feynman
parameters integrals

The dominant amplitude comes from the

penguin diagram proportional to log
(
m2
i /m

2
j

)
.



It is worth to note that:

In the limit of massless neutrino the behavior for the µ± → e±e±e∓

prediction respects exactly the GIM mechanism, such as it is expected.
This is not the case for τ → µ±µ±µ∓ channel.

Even worse, if the prediction for the τ → µ±µ±µ∓ channel were right,
there would be no way to cure such infrared behavior.



Penguin Contribution
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The amplitude is given by

M1 ∼ − i

m2
Z

lλL```′`′λ, (3)

where the effective ZL` vertex is defined by

l
λ
L` =

( −ig
4cW

)(−ig
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√

2

)2 3∑
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∗
`jULj ū(p)Γ

λ
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and the loop integral is given by

Γ
λ
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(2π)4

γρ(1− γ5)i
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(/p+ /k) +mj

]
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Penguin Contribution

After making the loop integration

Γλ(q2,m2
j ) = Faγ

λ(1− γ5) + Fbγ
λ(1 + γ5) + Fc(P + p)λ(1 + γ5)

+ Fd(P + p)λ(1− γ5) + Feq
λ(1 + γ5) + Ff q

λ(1− γ5), (6)

We have obtained the Fk (k = a, b...f) using both Feynman parametrization
and Passarino-Veltman method.

Feynman
parametrization Fk(q2,m2

j ) =
1

2π2

∫ 1

0

∫ 1−x

0
fk(q2,m2

j )dxdy, (7)

where

fa = 2 + log
(
Dj(q

2)/µ2
)

+
(q2 −m2)x(y − 1) +M2x(x+ y) + q2y(y − 1)

Dj
, (8)

and

Dj(q
2) = −(x− 1)m2

j −m2xy + xm2
W +M2x(x+ y − 1)− q2y(1− x− y) (9)
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Penguin Contribution

Passarino-Veltman Fk(q2,m2
j ) =

1

2π2

NPVk
DPVk

, (10)

with

DPVa = 2DPVb = −λ(m2,M2, q2),

DPVc = DPVe =
M

2
D2
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2
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+ξk4B0(0,m2
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q
2

=4m
2

PaVe

Feynman

0.0 0.1 0.2 0.3 0.4 0.5

4.6371

4.6372

4.6373

4.6374

m j HGeVL

2
Π

2
R

e
@F

a
D

Comparison for the Fa of the effective Zτµ vertex as function of mj considering a

fixed value of q2 = 4m2
µ. Black dashed line stands for the numerical evaluation of

the Feynman parameters integrals, whereas the red line corresponds to the
evaluation of the PaVe functions. Good agreement is found for mj ≥ 0,8 GeV,
while the Feynman parameters integrals do not converge well for lower values of
mj .



Owing to the fact that the q2 minimum in the L− → `−`′+`′− decay is given
by 4m2

`′ , a better approximation for the Fk functions in the physical region
for the neutrinos masses can be obtained fitting the curves for the real and
imaginary parts of the Fk functions evaluated in terms of the PaVe functions.
We have found a reasonably good fit (excellent for the real parts) of the form

Re[Fk] =
1

2π2u

(
QRk +

m2
j

m2
W

RRk

)
,

Im[Fk] =
1

2π2u

(
QIk +

m2
j

m2
W

RIk

)
, (12)

where u = 1 for k = a, b and u = M for k = c, d, e, f .

Zτµ (q2 = 4m2
µ) QRk

RRk
QIk

RIk

Fa 4,63706 11,5451 −7,14896 × 10−6 3,4098

Fb 1,38093 × 10−5 −3,31777 × 10−4 9,85094 × 10−11 −6,76208 × 10−5

Fc −1,49047 × 10−5 3,62348 × 10−3 −7,884 × 10−10 5,4035 × 10−4

Fd −9,20638 × 10−6 1,2469 × 10−4 −4,9267 × 10−11 3,38191 × 10−5

Fe 2,04592 × 10−3 191,959 4,69628 × 10−4 −126,096

Ff −1,26365 × 10−5 −11,8554 −2,95163 × 10−5 8,05527

Values for the QRk (QIk ) and RRk (RIk ) coefficients of the Zτµ vertex for

q2 = 4m2
µ.



Penguin contribution

Decay channel Our result Petcov’s approximation

µ− → e−e+e− 7,3 · 10−55 1,1 · 10−53

τ− → e−e+e− 5,4 · 10−56 1,8 · 10−54

τ− → µ−e+e− 7,9 · 10−55 2,6 · 10−53

τ− → e−µ+µ− 3,2 · 10−56 1,1 · 10−54

τ− → µ−µ+µ− 1,1 · 10−54 3,8 · 10−53

Branching ratios for the L− → `−`′−`′+ decays (neglecting the box contribution),
which are obtained using the current knowledge of the PMNS matrix.



Box contribution
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After a lot Dirac algebra, the amplitude for
the box diagram is given by

M =
( −ig

2
√
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where we have defined

Tσσ′ = 4 ū(p)γµγσγν(1− γ5)u(P )ū(p1)γνγ
′
σγµ(1− γ5)v(p2)

and the relevant loop integral is

Iσσ
′

=

∫
d4k

(2π)4
(P + k)σ(k + p1)σ

′

(k2 −m2
W )((p1 + p2 + k)2 −m2

W )((P + k)2 −m2
j )((k + p1)2 −m2

i )
.



Box contributions

Now, since the amplitude depends only on P, p1 and p2 the integral must
be take to the form

Iσσ
′

= gσσ
′
Ha + PσPσ

′
Hb + Pσpσ

′
1 Hc + Pσpσ

′
2 Hd + pσ1P

σ′He

+ pσ1 p
σ′
1 Hf + pσ1 p

σ′
2 Hg + pσ2P

σ′Hh + pσ2 p
σ′
1 Hi + pσ2 p

σ′
2 Hj . (13)

Just like the penguin contribution, we have obtained the Hk (k = a, b...j)
functions in terms of both Feynman parameters integrals and PaVe functions.

It is clear that in the simple case, where masses an momenta of the
external particles are neglected the only contribution is given by the Ha
function.

Besides, the Hk (k =, b, c...j) are associated to dimension 6 operator,
thus they are naturally suppresed.



Box contributions

Feynman
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Box contributions
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Summary and Conclusions

We have revisited the L− → `−`′−`′+ decays in the SM with massive neutri-
nos. We obtained expressions for the relevant loop integrals in terms of both
Feynman parameters and Pasarino-Veltman functions without any approxi-
mation. Opposed to the previous calculation reported in †, we found that all
the possible amplitudes for these processes are strongly suppressed (propor-
tional to the neutrino mass square). In the particular case of the penguin
contribution with two neutrino propagators, we highlighted that it is cru-
cial to maintain the dependence on the momentum transfer in the Feynman
integrals in order to evaluate the amplitude in the physical region for the
neutrino masses. This fact avoids the incorrect divergent logarithm behavior
in the amplitude.
As far as the box contribution concerned, we found that the dominant term
comes from Ha function that is associated with a (V-A)×(V-A) operator,
and it is in a good agreement with the approximation done in ref ?.
We conclude that any signal at Belle-II (or forthcoming facilities) of these
modes would be an irrefutable new physics manifestation.

? S. T. Petcov, Sov. J. Nucl. Phys. 25, 340 (1977).

† X. Y. Pham, Eur. Phys. J. C 8, 513 (1999).
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