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Few-hadron systems in QCD
 The vast majority of QCD states are composite states, which are either:

 accidentally stable (bound states, e.g. nuclei)
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 The vast majority of QCD states are composite states, which are either:
 accidentally stable (bound states, e.g. nuclei)
 accidentally unstable under QCD (resonances)
 depending on the QCD parameters, a state can transition

BSM Physicsprecision tests of SM

nuclear forces

Few-hadron systems in QCD



 The vast majority of QCD states are composite states, which are either:
 accidentally stable (bound states, e.g. nuclei)
 accidentally unstable under QCD (resonances)
 depending on the QCD parameters, a state can transition

  multi-hadron forces

Few-hadron systems in QCD
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I’ll touch on this at the end…
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Resonances in experiment

multichannel, multiparticle system! 
hard, but not obviously impossible…

 confirmation 
 production mechanism [couplings]
 identification of prominent decay channels 
 couplings to decay channels

experimental needs

theoretical needs  structural understanding
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Resonances in experiment

p

Nπ ~ 70%

the Roper

Nη

∆π

Nππ ~ 30%

if baryons is your thing…

demand for lattice: 
 Stable states generated “exactly”
 Resonant/non-resonant amplitudes are generated “exactly”
 QED/weak can be introduced perturb. or non-perturb.
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Wick rotation [Euclidean spacetime]:  
Monter Carlo sampling

lattice spacing:
finite volume
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Wick rotation [Euclidean spacetime]:  
Monter Carlo sampling

lattice spacing:
finite volume [periodic…]

tM ! �itE

a ⇠ 0.03� 0.15 fm

Never free!
No asymptotic states!
No scattering!

Lattice QCD 



Wick rotation [Euclidean spacetime]:  
Monter Carlo sampling

lattice spacing:
finite volume
quark masses: mq ! mphys.

q

La

tM ! �itE

a ⇠ 0.03� 0.15 fm

Advantage over experiment!

Lattice QCD 



Wick rotation [Euclidean spacetime]:  
Monter Carlo sampling

lattice spacing:
finite volume
quark masses:
Correlation functions: spectrum, matrix elements

mq ! mphys.
q

a ⇠ 0.03� 0.15 fm

tM ! �itE

Lattice QCD 
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Exp. - “slightly more precise”
Survey of different groups:
BMW, LHPC, RBC, & χQCD

 Simple properties of QCD stable states [non-composite states]

physical or lighter quark masses [down to mπ~120 MeV]

 non-degenerate light-quark masses: Nf=1+1+1+1

 dynamical QED

Status of the field
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Status of the field

RB, Bolton, Lin (2014, extr.)

Observation of the Doubly Charmed Baryon Ξ++
cc

R. Aaij et al.*

(LHCb Collaboration)
(Received 6 July 2017; revised manuscript received 2 August 2017; published 11 September 2017)

A highly significant structure is observed in the Λþ
c K−πþπþ mass spectrum, where the Λþ

c baryon is
reconstructed in the decay mode pK−πþ. The structure is consistent with originating from a weakly
decaying particle, identified as the doubly charmed baryon Ξþþ

cc . The difference between the masses of the
Ξþþ
cc and Λþ

c states is measured to be 1334.94" 0.72ðstat:Þ " 0.27ðsyst.Þ MeV=c2, and the Ξþþ
cc mass is

then determined to be 3621.40" 0.72ðstat:Þ " 0.27ðsyst.Þ " 0.14ðΛþ
c Þ MeV=c2, where the last uncer-

tainty is due to the limited knowledge of the Λþ
c mass. The state is observed in a sample of proton-proton

collision data collected by the LHCb experiment at a center-of-mass energy of 13 TeV, corresponding to an
integrated luminosity of 1.7 fb−1, and confirmed in an additional sample of data collected at 8 TeV.

DOI: 10.1103/PhysRevLett.119.112001

The quark model [1–3] predicts the existence of multip-
lets of baryon and meson states. Those states composed of
the lightest four quarks (u , d, s, c) form SU(4) multiplets
[4]. Numerous states with charm quantum number C ¼ 0
or C ¼ 1 have been discovered, including all of the
expected qq̄ and qqq ground states [5]. Three weakly
decaying qqq states with C ¼ 2 are expected: one isospin
doublet (Ξþþ

cc ¼ ccu and Ξþ
cc ¼ ccd) and one isospin

singlet (Ωþ
cc ¼ ccs), each with spin parity JP ¼ 1=2þ.

The properties of these baryons have been calculated with
a variety of theoretical models. In most cases, the masses of
the Ξcc states are predicted to lie in the range 3500 to
3700 MeV=c2 [6–33]. The masses of the Ξþþ

cc and Ξþ
cc

states are expected to differ by only a few MeV=c2, due to
approximate isospin symmetry [34–36]. Most predictions
for the lifetime of the Ξþ

cc baryon are in the range 50 to
250 fs, and the lifetime of the Ξþþ

cc baryon is expected to be
three to four times longer at 200 to 700 fs [10,11,19,24,
37–40]. While both are expected to be produced at hadron
colliders [41–43], the longer lifetime of the Ξþþ

cc baryon
should make it significantly easier to observe than the Ξþ

cc
baryon in such experiments, due to the use of real-time
(online) event-selection requirements designed to reject
backgrounds originating from the primary interac-
tion point.
Experimentally, there is a long-standing puzzle in the Ξcc

system. Observations of the Ξþ
cc baryon at a mass of 3519"

2 MeV=c2 with signal yields of 15.9 events over 6.1" 0.5
background in the final state Λþ

c K−πþ (6.3σ significance),

and 5.62 events over 1.38" 0.13 background in the final
state pDþK− (4.8σ significance) were reported by the
SELEX Collaboration [44,45]. Their results included a
number of unexpected features, notably a short lifetime and
a large production rate relative to that of the singly charmed
Λþ
c baryon. The lifetime was stated to be shorter than 33 fs

at the 90% confidence level, and SELEX concluded
that 20% of all Λþ

c baryons observed by the experiment
originated from Ξþ

cc decays, implying a relative Ξcc
production rate several orders of magnitude larger than
theoretical expectations [11]. Searches from the FOCUS
[46], BABAR [47], and Belle [48] experiments did not find
evidence for a state with the properties reported by SELEX,
and neither did a search at LHCb with data collected
in 2011 corresponding to an integrated luminosity of
0.65 fb−1 [49]. However, because the production environ-
ments at these experiments differ from that of SELEX,
which studied collisions of a hyperon beam on fixed
nuclear targets, these null results do not exclude the original
observations.
This Letter presents the observation of the Ξþþ

cc baryon
[50] via the decay mode Λþ

c K−πþπþ (Fig. 1), which is
expected to have a branching fraction of up to 10% [51].
The Λþ

c baryon is reconstructed in the final state pK−πþ.

FIG. 1. Example Feynman diagram contributing to the decay
Ξþþ
cc → Λþ

c K−πþπþ.

*Full author list given at the end of the article.

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI.
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Viewpoint: A Doubly Charming Particle
Raúl A. Briceño, Department of Physics, Old Dominion University, Norfolk, VA 23529, USA
and Thomas Je�erson National Accelerator Facility, Newport News, VA 23606, USA

September 11, 2017 • Physics 10, 100

High-precision experiments at CERN find a new baryon containing two charm quarks.

Figure 1: The LHCb Collaboration has provided evidence for a doubly charmed baryon called 
[1]. The baryon is formed when two charm quarks, produced in high-energy proton-proton
collisions, join a light quark.

The discovery of new particles, from the Higgs boson to the pentaquark, usually comes
highly anticipated, following lengthy experimental campaigns that go a�er predictions of
the standard model of particle physics. These discoveries, however, do much more than
validate the standard model. They also deepen our understanding of the fundamental
forces that hold subatomic particles together. The new detection by CERN’s Large Hadron
Collider beauty (LHCb) Collaboration of a doubly charmed baryon called the  is no
exception [1]. While the existence of this particle was expected, the finding is the first

APS/Alan Stonebraker



 Simple properties of QCD stable states [non-composite states]

physical or lighter quark masses [down to mπ~120 MeV]

 non-degenerate light-quark masses: Nf=1+1+1+1

 dynamical QED

 One of the frontiers of lattice QCD: multi-particle physics

 scattering/reactions

 composite states

 bound states

 hadronic resonances

 form factors

Status of the field

Formal development:
under way
more needed 

Benchmark calculations:
unphysical quark masses  [mπ=236, 391 MeV]
 exploratory
proof of principle
…



 Dudek (W&M/JLab)

Wilson (Marie Curie/Royal fellow/Trinity)

 Edwards (JLab)

Lattice QCD calculations with multi-hadron states 
in the mesonic isoscalar sector

spec
a familiar and friendly face!
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ππ threshold
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virtual bound state 
(e.g. like the di-neutron in nn)

Sheets and composite states
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finite volume eigenstates

finite volume

“only a discrete number of modes 
can exist in a finite volume”

 no continuum of states:
no cuts
no sheet structure
no resonances

 no asymptotic states:
no scattering

Lattice QCD is QCD in a finite volume



Im[s]

Re[s]

finite volumeInfinite volume

both pictures are QCD, and they must be related!

Finite vs. infinite volume spectrum



|niQCD = c0 + c1 + c2 + c3 + · · ·resonance poles

Obtaining the QCD spectrum

QCD Lattice QCD

L

Ecm(L)

3m

2m

m

0

Finite-volume spectrum

correlation functions



RB, Dudek, Edwards, Wilson - PRL (2017)
RB, Dudek, Edwards, Wilson - arXiv (2017)
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 Use local and multi-hadron ops ~ 20-30 ops
 Evaluate all Wick contraction: distillation [Peardon, et al. (2009)]

 Variationally optimize operators [Michael (1985), Lüscher & Wolff (1990)]  
 extract ~ 30 - 100 energy levels 
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 Multi-meson ops. are crucial
 Spectrum including a larger basis:

�
⇡⇡,KK, ⌘⌘, `¯̀, ss̄

 



mπ=391 MeV

Isoscalar spectra: D-wave dominant
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Isoscalar spectra: D-wave dominant
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two resonances?



0.10

0.15

0.20

0.25

0.30

 16  20  24  16  20  24  16  16 20  24  20  24

 Multi-meson ops. are crucial
 Spectrum including a larger basis:

�
⇡⇡,KK, ⌘⌘, `¯̀, ss̄

 

Isoscalar spectra: D-wave dominant
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Isoscalar spectra: D-wave dominant
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Obtaining the QCD spectrum

QCD Lattice QCD
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Finite-volume spectrum

correlation functions

formalism



det[F�1(EL, L) +M(EL)] = 0

resonance
partial wave 
amplitudes

FV spectrum

 Lüscher (1986, 1991) [elastic scalar bosons]

 Rummukainen & Gottlieb (1995) [moving elastic scalar bosons]

 Kim, Sachrajda, & Sharpe/Christ, Kim & Yamazaki (2005) [QFT derivation]

 Feng, Li, &  Liu (2004) [inelastic scalar bosons]

 Hansen & Sharpe / RB & Davoudi (2012)  [moving inelastic scalar bosons]

 RB (2014)  [general 2-body result]

EL = finite volume spec.

L = finite volume

F = known function

M = scattering amp.

Scattering amplitudes



L pn = 2�nPeriodicity:

�(x) ⇠ eipx

L

Physics in a  1D-box



p x Spectrum:

Periodicity:

 (x) ⇠ cos(p|x|+ �(p))
asymptotic 

wavefunction

infinite volume 
scattering phase shiftTwo identical particles:

L pn + 2�(pn) = 2⇡n

Physics in a  1D-box
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Spectrum in a  1+1D box
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Isoscalar ππ scattering: elastic region
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Weinberg compositeness criterion for the σ
 For the heavier ensemble, the σ is a bound state, so we can apply Weinberg’s 
criterion

 Can relate Z to scattering information

 To obtain:

 Consistent with the large FV effects
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Multi-channel systems - the cutting edge!
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lots more spectra!



Multi-channel systems - the cutting edge!

ππ, KK, ηη [isoscalar]:             RB, Dudek, Edwards, Wilson - PRL (2017)
                                                      RB, Dudek, Edwards, Wilson - PRD (2018)

Kπ, Kη:                                       Dudek, Edwards, Thomas, Wilson - PRL (2015)
                                                      Wilson, Dudek, Edwards, Thomas - PRD (2015)

πη, KK:                                       Dudek, Edwards, Wilson - PRD (2016)
Dπ, Dη, DsK:                              Moir, Peardon, Ryan, Thomas, Wilson - JHEP (2016)
ππ, KK        [isovector]:            Wilson, RB, Dudek, Edwards, Thomas  - PRD (2015)

spec

 the necessary formalism for doing coupled-channel scattering of  

 to date, the Hadron Spectrum collaboration is the only one to have 
extracted coupled-channel scattering amplitude information from QCD

Feng, Li, &  Liu (2004) [inelastic scalar bosons]
Hansen & Sharpe / RB & Davoudi (2012)  [moving inelastic scalar bosons]
RB (2014)  [general 2-body result]



 Coupled channels:
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Multi-channel systems - the cutting edge!

e.g., S-wave ⇡⇡,KK

⇠ |M|2
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is it real?

f0(500)/�

f0(1370)

f0(1500)

f0(1710) ⇠
glueball?

f0(980)⇠

KK molecule?

KK

The isoscalar, scalar sector



 0.2

 0.4

 0.6

 0.8

 1

 800  1000  1200  1400  1600

-200
-150
-100
-50

RB, Dudek, Edwards & Wilson (2017)

 Coupled channels:

Multi-channel systems - the cutting edge!

mπ=391 MeV

e.g.,D-wave ⇡⇡,KK
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Tensor and scalar nonets
 First complete determination of the scalar and tensor nonets from LQCD :

f0
�

0 +

�
̄0

a+0a00a�0

ππ, KK, ηη:             RB, Dudek, Edwards - PRL (2017)
  RB, Dudek, Edwards - arXiv (2017)

Kπ, Kη:                    Dudek, Edwards, Thomas, Wilson - PRL (2015)
                    Wilson, Dudek, Edwards, Thomas - PRD (2015)

πη, KK:                    Dudek, Edwards, Wilson - PRD (2016)
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formalism

Obtaining the QCD spectrum

QCD Lattice QCD

L

Ecm(L)

3m

2m

m

0

Finite-volume spectrum

correlation functions

RB & Davoudi (2013) [1+shallow bound states] 
 Hansen & Sharpe (2014-15) [relativistic πππ]
 Hammer, Pang, Rusetsky (2017) [NR EFT parameterization]
RB, Hansen & Sharpe (2016) [relativistic coupled, 2-,and 3-mesons] 



Need for three-body formalism 

RB, Hansen  & Sharpe (2017)

det


1 +

✓
F2 0
0 F3

◆✓
K2 K23

K32 Kdf,3

◆�
= 0

π1  JPC=1-+

ρπ

πππ

Resonance decay3N forces

Hansen Sharpe

Needed for:

 resonances [e.g., the Roper]

 3N-force 
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Need for three-body formalism 

RB, Hansen, Sharpe (to appear)

analysis code under construction!



Remaining questions:
Operator basis:

 tetraquarks, pentaquarks…
 3 particles or more
glueballs,
…

 3400

 3500

 3600

 3700

 3800

 3900

 4000

 30

 30

Energy (MeV)

Figure 4. The central plot shows the spectrum in the hidden-charm isospin-1 ⇤PG = T++
1 channel

calculated using the basis of meson-meson and tetraquark operators given in Table 6 of Appendix D.
Boxes give the computed energies with their vertical extent representing the one-sigma statistical
uncertainty on either side of the mean and, solely as a visual aid, they are coloured according to
their dominant meson-meson operator overlap. Horizontal lines denote the non-interacting meson-
meson energy levels with an adjacent number indicating the degeneracy if it is larger than one.
The corresponding principal correlators are shown on the left ordered by increasing energy from
bottom to top: the data (points) and fits (curves) for t0 = 9 are plotted as �n(t, t0)eEn(t�t0) showing
the central values and one sigma statistical uncertainties; in each case the fit is reasonable with
�2/Nd.o.f ⇠ 1. The histograms on the right show the operator-state overlaps, Zn

i = hn|O†
i |0i, for

each energy level. The operators are given in the legend and the overlaps are normalised so that
the largest value for one given operator across all energy levels is equal to one.

– 13 –

Cheung , Thomas, Dudek  & Edwards (2017)



Remaining questions:
Operator basis: Amplitude analysis:
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 tetraquarks, pentaquarks…
 3 particles or more
glueballs,
…

RB, Dudek, Edwards & Wilson (2016)

 3 particles or more
 dispersive techniques



Remaining questions:
Operator basis: Amplitude analysis:

 3 particles or more
 dispersive techniques

Coupling to QED currents:
transition processes

elastic ππ 
2.0 2.1 2.32.2 2.4 2.5

2.0 2.1 2.32.2 2.4 2.5

2.0

0

0
50
100

4.0

6.0

πγ*-to-ππ

RB, Dudek, Edwards, Thomas, Shultz, Wilson (2015)

 tetraquarks, pentaquarks…
 3 particles or more
glueballs,
…



Remaining questions:
Operator basis: Amplitude analysis:

 3 particles or more
 dispersive techniques

Coupling to QED currents:
transition processes
elastic processes - form factors of resonances (the future)

⇠

⌧

⌧

Bernard, Hoja, Meissner, Rusetsky (2012)
RB & Hansen (2015)

 tetraquarks, pentaquarks…
 3 particles or more
glueballs,
…
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Scattering processes and resonances from lattice QCD
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The vast majority of hadrons observed in nature are not stable under the strong inter-
action, rather they are resonances whose existence is deduced from enhancements in
the energy dependence of scattering amplitudes. The study of hadron resonances of-
fers a window into the workings of quantum chromodynamics (QCD) in the low-energy
non-perturbative region, and in addition, many probes of the limits of the electroweak
sector of the Standard Model consider processes which feature hadron resonances. From
a theoretical standpoint, this is a challenging field: the same dynamics that binds quarks
and gluons into hadron resonances also controls their decay into lighter hadrons, so a
complete approach to QCD is required. Presently, lattice QCD is the only available tool
that provides the required non-perturbative evaluation of hadron observables. In this
article, we review progress in the study of few-hadron reactions in which resonances and
bound-states appear using lattice QCD techniques. We describe the leading approach
which takes advantage of the periodic finite spatial volume used in lattice QCD calcula-
tions to extract scattering amplitudes from the discrete spectrum of QCD eigenstates in
a box. We explain how from explicit lattice QCD calculations, one can rigorously gar-
ner information about a variety of resonance properties, including their masses, widths,
decay couplings, and form factors. The challenges which currently limit the field are
discussed along with the steps being taken to resolve them.
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Coupled-channels analysis 
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Coupled-channels analysis 
 S-wave above 2mπ, 2mK, and 2m𝜂

 Ansatz 
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Coupled-channels analysis 
 D-wave above 2mπ, 2mK, and 2m𝜂

 Ansatz 

34 energy levels�2/Ndof =
28.9

34� 9
= 1.15

Kij(s) =
g(1)i g(1)j
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�ij = 0 otherwise
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Coupled-channels analysis 

34 energy levels
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Tensor poles: the f2’s
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