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Abstract. We present an analytical description of neutrino oscillations in matter based on the
Magnus expansion of the time evolution operator. This approach incorporates in a simple and, at
the same time, accurate way the Earth matter effects on the flavor transition probabilities in a wide
interval of the neutrino energies. As a concrete application, we examine the daily change in the
observed flux of the electron neutrinos coming from the sun.
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INTRODUCTION

The determination of the angle 013 and the CP-violating phase in the leptonic mixing
matrix, as well as the determination of the neutrino mass hierarchy, will be the main
goals of the next generation of neutrino oscillations experiments. In turn, the interpreta-
tion of the forthcoming results will require more careful theoretical descriptions of neu-
trino oscillations that incorporate sub-leading processes. A subject of particular interest
within this context, refers to the matter effects on the flavor transformations for neutrinos
propagating through the Earth. The problem has been investigated by direct numerical
integration of the equation that governs flavor evolution in a medium. Besides, analytic
calculations have been implemented to simplify the numerical computations and to gain
a better understanding of the underlying physics. For a varying density these studies
have been developed on the basis of the perturbation theory, both in the low [1] and high
[2] energy regimes. In this work, we present a novel analytic description of the effect
based on the Magnus exponential expansion of the time-displacement operator % (t,1y)
[3]. This approach incorporates in a simple way the Earth matter effects on the transi-
tion probabilities for neutrinos within a wide interval of energies and, in the case of solar
neutrinos, it makes possible a accurate description of regeneration phenomenon.

FORMALISM

The evolution of the flavor amplitudes of a neutrino system is conveniently described
in terms of the operator % (t,ty), which satisfies the Schrodinger-like equation [4]
(h=c=1)
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with the initial condition % (19,19) = 1.



Typically, the quantity of interest is the probability P,, of observing an electron
neutrino at a distance L ~ t; — ty from a source. If |v(¢)) represents the neutrino state
at time 17, then Py, = |(Ve|V(17))2 = |(Ve|Z (17.10)|V(10)) 2. where |v(19)) denotes a
certain initial state. We consider oscillations between two neutrino flavors, let say v,
and Vv,,. In the relativistic limit and after discarding an overall phase, the Hamiltonian of
the system in the flavor basis {|V,),|Vv,)} can be written as
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where 6 is the mixing angle in vacuum and we have defined Ay = m?/2E, with E
the neutrino energy and §m? the squared mass difference. The effect of the medium is
accounted for by means of V(1) = V,(t) — V,(¢), the difference of the potential energies
for v, and v,. To lowest order in the Fermi constant G, in normal matter V(¢) =
V2Grne(t), where n,(t) is the number density of electrons along the neutrino path.

The evolution operator in the flavor basis can be expressed as % (tr,t) =
Un(tp) % (t7,00) U} (to), in terms of the corresponding operator % (t,ty) in
the adiabatic basis of the (instantaneous) eigenstates {|Vin(2)),|Vam(t))} of H(z).
Here, U, (t) = U(6,(t)) is the orthogonal 2 x 2 matrix that, at each time, di-
agonalizes the matrix in Eq. (2). The mixing angle in matter 6,,(¢) is given by
sin26,,(r) = Agsin20/A,(t), where A,(t) = Ag[(e(r) — cos20)? + sin?20]'/2
stands for the difference between the energy eigenvalues expressed in terms the
non-dimensional quantity £(¢) =V (¢)/Ag = 2EV (t)/Sm?.

If V() is symmetric with respect to the middle point of the neutrino trajectory
= (tf—l-t())/z, then Om(l‘f) = Gm(t()) = 9,91 and %(tf,t()) = Um(t()) dZ/’Q{(tf,t()) U,E(l‘()).
This is the situation for the Earth, in which case 6,91 is the angle evaluated at the surface.
In what follows, we restrict ourselves to such a case and find an analytical approximation
for % (ty,19) in terms of % (ts,ty) calculated by means of the first two terms in the
expansion of the Magnus operator.

Proceeding in this manner, after some algebraic manipulations we arrive at
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where ¢, = [V dt’ Ay (1), & = 5(21) + é(z)a 5(1) = 2fff dt’ 6,,(¢') sin ¢7_,,/, and 5(2) =
Sl dr’ flf)/ dt" 6,(t") 0, (") singy_ .
Suppose that |v(zy)) = a|v.) + B|v,), with & and B non-negative (real) numbers
satisfying a® + B2 = 1, then
Py, = o + (B — o) (ImZeq)* + 208 (Im ) (Im o), 4)

with Tm %, = c0s209Im % + sin200Im %5 and Im %, = —sin200Im %, +
c0s26° Im%]g{, where, according to Eq. (3), Im?/ﬁf = sin& 5(1) /& and Im“Z/ﬁ’f =



cos§ singr_,, —sin§ §5)/E cos¢r_,,. As we see, to this order only the imaginary parts
of the matrix elements of the evolution operator are relevant to the calculation of Py,.
Formula (4) represents our main result and, in order to illustrate its usefulness, in the
next section we will apply it to the regeneration effect of solar neutrinos when they goes
trough the Earth.

DAY-NIGHT NEUTRINO ASYMMETRY

The relevant quantity in connection with the solar neutrinos is the probability for a neu-
trino born as a V, in the interior of the Sun, to remain as a Vv, at the Earth. The os-
cillation parameters controlling the leading effects are 8 = 6, and dm?* = 5m%2. If
the phase information is lost, as will typically happen for neutrinos traveling a long
distance to the detection point, then according to the LMA-MSW solution the aver-
aged survival probability for the electron neutrinos can be written as P(V, — V,) =
sin® @ + cos26 coszeg —CoS 208 freg [51, where 98 denotes the matter mixing angle at

the production point in the interior or the Sun. The regeneration factor f,,; = P, — sin® 0
represents the terrestrial matter effects expressed as the difference between the probabil-
ity for v, to become v, after traversing the Earth Py, = P(Vy — Ve) = |(Ve| % (t£,0)|V2)]?
and the same probability in vacuum |(v,|v,)|> = sin® 6.

We determine fy, by calculating Ps. in terms of Eq. (4), with |v(fy)) = |v2) =
sin0|v,) +cos O|vy). Accordingly, we get

freg = 08262082600 (Im %5 )? +5in280sin 2600 (Im %7 )?
—5in(26° +20°)(Im %5 ) (Im %5 ). (5)

Here, 80 = 00 — 0 is the rotation angle that relates the basis of the mass eigenstates
{|v1,),|v2) } with the adiabatic one, evaluated on the surface of the Earth.

In order to compare our results with those corresponding to the first and second order
in the g-perturbative we consider the so called mantle-core-mantle model for the density
inside the Earth [6]. In this simple model the electron density is approximated by a
double step function and the radius of the core and the thickness of the mantle are
assumed to be half of the Earth’s radius Ra: n.(r)/Na = 5.95 cm™> for r < Re/2
and ne(r) /Ny = 2.48 cm ™3 for Ry, /2 < r < Ra. Following Ref. [7] we introduce the
function §(E) = ( ,(eagp PE) - f,(:gm)(E ))/ fres(E), where fr(fgp P") is given by a certain

(approximated) analytical expression, fr(:gm) is obtained from the exact (numerical)

solution and f.o(E) = 1/2 gsin?@ is the average regeneration factor evaluated at
the surface layer. Essentially, 8(E) represents the relative error of the approximated
expression.

In Fig. 1 we plotted 8(E) as a function of the energy for neutrinos that cross the
Earth through its center, in the energy interval relevant for 3B solar neutrinos. As shown
there, the relative errors associated to the Magnus approximations are always smaller
than those corresponding to the perturbative calculations. The lowest-order Magnus
result, derived by putting 5(2) = 0 in Eq. (5), works even better than the second-order
perturbative expressions, reducing the relative error to less than 0.5% within the energy
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FIGURE 1. The relative error § as a function of the energy for a neutrino crossing the center of the
Earth. Left panel corresponds to the envelopes of |5 |. The oscillation parameters are Sm3; = 8 x 107> eV?
and tan? 0, = 0.4. (a) and (b) correspond to the first and second order of the perturbative approach,
respectively, and (c) and (d) correspond to the first and second order Magnus calculation in the adiabatic
basis, respectively.

interval. If the second order term in the Magnus expansion is incorporated, then 6 (E)
decrease by almost one order of magnitude. Even though here we restricted us to the low
energy regime, the same formalism can be applied to higher energies and, in particular,
to analyses matter effects on the oscillations of atmospheric neutrinos [3].
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