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Principle of Least Action

The dynamics of a particle moving in 1D can be derived
from the action

tr
s= [ dt La.a)
tj

Here, L is the Lagrangian

L(q,q) = =m(g)> — V(q) = T(4) — V(q).

Origin of Mass
Lect. 2:
Framework

Alfredo Raya

Lagrangian Field
Theory




Principle of Least Action

The dynamics of a particle moving in 1D can be derived
from the action

tr
s= [ dt La.a)
t

Here, L is the Lagrangian

L(q,q) = =m(g)> — V(q) = T(4) — V(q).

The Principle of Least Action,
0S5 =0,

yields the equation of motion of the particle

d (oLy oL _,
dt \ 9¢ dq
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Interlude: Functionals

A functional has the generic form

F[f] = /dx F(f(x)).
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Interlude: Functionals

A functional has the generic form

F[f] = /dx F(f(x)).

The notion of derivatives can be generalized

OF(f(x)) . 1
Ty) —El'jg)e[F(f(x)—€5(X—Y))—F(f(X)) .

Functional derivative verifies all the properties of ordinary
derivatives.
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Interlude: Functionals

The action is a functional

stal = [ " dt L(q.4)

i

The Euler-Lagrange equation is a functional extremum of
the action:

aS[q] _ d<8L> o _

dq(t)  dt\dg)  9dq
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» Systems with an infinite number of dof are described by
fields ¢
» Fields ¢ and their derivatives 0*¢ generalize g and ¢
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Fields

» Systems with an infinite number of dof are described by
fields ¢

» Fields ¢ and their derivatives 0*¢ generalize g and ¢

» The action becomes

S[g] = / d*x L(6,0"0)
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» Fields ¢ and their derivatives 0*¢ generalize g and ¢

» The action becomes
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» In order to test the systems, sources have to be
introduced
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Framework

Systems with an infinite number of dof are described by Alfredo Raya
fields ¢
Fields ¢ and their derivatives 0" ¢ generalize q and ¢ e

Theory

The action becomes

ﬂwz/ﬂﬂcwﬁ%)

In order to test the systems, sources have to be
introduced

smﬂzsm+/ﬁﬁﬂwmm

Equations of motion follow from the extremum
condition for the action

65[6.J] _

o)




Quantum Fields

» Elementary particles are described by relativistic
quantum fields

Origin of Mass
Lect. 2:
Framework

Alfredo Raya

Lagrangian Field
Theory




Quantum Fields

» Elementary particles are described by relativistic
quantum fields

» Fields can be quantized in the canonical formalism
within the path integral approach
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Quantum Fields

» Elementary particles are described by relativistic
quantum fields

» Fields can be quantized in the canonical formalism
within the path integral approach

» The Euler-Lagrange equations are valid only as
expectation value

<0‘65[¢,J]’
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Quantum Fields

» The full quantum equation of motion (Schwinger-Dyson
equation) has the generic form

F (¢C(X) - ihéjzx)> ~—J(x)=0.
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Quantum Fields

» The full quantum equation of motion (Schwinger-Dyson
equation) has the generic form

F (¢C(X) - ihéjzx)> ~—J(x)=0.

» Here ¢, is the classical field

F(¢c(x)) = J(x) = 0.
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Quantum Fields

» The full quantum equation of motion (Schwinger-Dyson
equation) has the generic form

F (¢C(X) - ihéjzx)> ~—J(x)=0.

» Here ¢, is the classical field

F(¢c(x)) = J(x) = 0.

» F depends on the details of the specific theory.
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» Particle Physics is described in terms of quantum gauge
field theories

» The generic form of the Lagrangian is

L = Matter fields + Gauge fields + Interactions.

» Interactions are derived from the gauge principle
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Matter Fields RS

Framework

Alfredo Raya

» Matter fields are Dirac fermions

Lmatter = 77/1(’.’7“8# —m)y

» The bare propagator has the form

5O9(p) = = Sk(p) =

» The Lagrangian is invariant under phase
transformations ¢ — 1)/ = e'*).
» Global = Charge conservation

» Local = Interactions with gauge fields
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» In Classical Electrodynamics

1
Lom= =3 FuF™,  FI = 0 A — 0" A

» The Lagrangian is invariant under the gauge
transformations

Ay — Ay = Ay + 0,Nx)

> In the quantum theory, A, is the photon wavefunction
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» Demanding invariance of the matter Lagrangian under
local gauge transformations requires to replace 0, — D,

» In QED,
- = oy
» U(1), Abelian gauge transformation
» D, =0,+ieA,

» A, = photon field

» The interaction Lagrangian

Eint = - eiZ’Y“lﬁAu




. Origin of Mass
Interactions T o

Framework

Alfredo Raya

» In QCD,
> w N w/ _ ei%zj)\jaj(x)w




Interactions RS

Framework

Alfredo Raya

» In QCD,
> w N w/ _ ei%zj)\jaj(x)w
» SU(3), Non-Abelian gauge transformation




Interactions RS

Framework

Alfredo Raya

» In QCD,
> w N w/ _ ei%zj)\jaj(x)w
» SU(3), Non-Abelian gauge transformation

> [N Al = 2ifip A




Interactions RS

Framework

Alfredo Raya
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» SU(3), Non-Abelian gauge transformation
> [ A] = 2ifp

> D, =0, + 53 NG
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» In QCD,
w N w/ _ ei% Zj)\jaj(x)w

v

v

SU(3), Non-Abelian gauge transformation
> [/\;, )\j] = 2ifiju Ak

Dy =0, + i, NG

v

v

G,, = gluon fields

» The interaction Lagrangian

g _ .
Lint = Y Z 1/}7#)‘j¢GAJL
J
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The full QCD Lagrangian is
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The gauge invariant gluon field-strength tensor is defined as

G, = 0,G) — 9,6, —g> fuGlGk
J,k

The full QCD Lagrangian is

- _ o1 —
£ = p(ir" 0, — m)y — % > VAUG - 7> GG
J J

g
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Photon and Gauge Freedom

» Electromagnetic waves are transverse

< Elgctric
—— LoWvbengn ns‘m

» Photons are transverse

» Yet, their wavefunction seems too big...

A0 — Scalar
. Al — Transverse
| A2 — Transverse

A3 — Longitudinal
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Photon and Gauge Freedom S

Framework

Alfredo Raya

» Electromagnetic waves are transverse

< Elgctric
—— LoWvbengn ns‘m

Confinement

» Photons are transverse

» Yet, their wavefunction seems too big...

AP — Scalar — Negative Norm!
. Al — Transverse — Positive Norm
| A2 — Transverse  — Positive Norm

A3 — Longitudinal — Positive Norm
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» Scalar an longitudinal photons are unphysical

» Gupta-Bleuler: Lorentz condition on state vectors in
Hilbert space

Confinement

> A, = AP Al
» 0tA D) =0
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Alfredo Raya

» Arbitrary amounts of energy by creating scalar photons
» Scalar an longitudinal photons are unphysical

» Gupta-Bleuler: Lorentz condition on state vectors in
Hilbert space

Confinement
> A, = AP Al
» 0tA D) =0

» Expectation values for the number of scalar and

longitudinal photons are equal in admissible physical
states

» All states having the same configuration of transverse
photons are physically equivalent
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» DYF has no inverse

» Need to fix the gauge
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» To obtain the propagator
Lem = A, g0 —-0"0") A, = AD"MA,
Confinement

» DYF has no inverse

» Need to fix the gauge
1
Lon = A g0~ 0"9"]A, + % (8, A"

= A, g””D—lT_ga”(‘?” A,

A, AFA,
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» The bare propagator is

1
a2

Auqv
Qv = q <g,uy+(€_l) Mz

q

) Confinement

» The full propagator is

g 14 14
Dw(q) = C(’2q) <g;w— qu )+£q’;4q
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» The bare propagator is

eely
2

800) = (g,w+(£— 1)

> Confinement

» The full propagator is

g 14 v
Buta) = LD (g, - D) 4 20

AL(q)+ AL(q)
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Gluons and Gauge Freedom S
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» A similar reasoning can be applied to gluons

» We can add to the QCD Lagrangian a gauge fixing term

1

Lor = —5¢

(ap Gi[L) 2 Confinement

» The remaining unphysical dof can be taken care of
introducing ghost fields

Lghost = Ouci (067 + gf ™% G'c;.

» Ghosts are anticommuting scalar fields.
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» We need to include ghost propagators and ghost-gluon
vertex Confinement
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» In QCD, Separation of physical and unphysical dof is
tightly connected to confinement

» Quarks and gluons are colored, but we only see colorless
hadrons

» We need to isolate the colored states from the physical
state space Vppys

» H Vphys - Vphys
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» In QCD, Separation of physical and unphysical dof is
tightly connected to confinement

» Quarks and gluons are colored, but we only see colorless
hadrons

» We need to isolate the colored states from the physical
state space Vppys
» Hf=H = rt=¢
> HVpnys € Vonys
» For |®) € Vppys, (P|P) >0
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Aspects of Confinement

» In QCD, Separation of physical and unphysical dof is
tightly connected to confinement

» Quarks and gluons are colored, but we only see colorless
hadrons

» We need to isolate the colored states from the physical
state space Vppys
» Hf=H = rt=¢
> HVpnys € Vonys
» For |®) € Vppys, (P|P) >0

> We need Q[®) =0 for |®) € Vppys
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» The Kugo-Ojima Confinement scenario uses a BRS
Charge Qg to define the physical space

QB|¢> — O Confinement

» This scenario imposes restrictions on the IR behavior of
propagators

» Ghost propagator is IR divergent
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» The Kugo-Ojima Confinement scenario uses a BRS
Charge Qg to define the physical space

QB|¢> — O Confinement

» This scenario imposes restrictions on the IR behavior of
propagators

» Ghost propagator is IR divergent

» Gluon propagator is IR suppressed
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Adapted from Braz. J. Phys. 37 201 (2007).
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» There is another view of confinement, If a certain
degree of freedom has negative norm contributions in
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» This criterion is the violation of positivity Confinement

» In Euclidean space, it is referred to as
Osterwalder-Schrader axiom of reflection positivity
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» There is another view of confinement, If a certain
degree of freedom has negative norm contributions in
its propagator, it cannot be part of Vppys

» This criterion is the violation of positivity Confinement

» In Euclidean space, it is referred to as
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» For the quark propagator,

/d4x d*y F(x)SF(x — y)f(y) >0
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There is another view of confinement, If a certain
degree of freedom has negative norm contributions in
its propagator, it cannot be part of Vppys

This criterion is the violation of positivity Confinement

In Euclidean space, it is referred to as
Osterwalder-Schrader axiom of reflection positivity

For the quark propagator,

/d4x d*y F(x)SF(x — y)f(y) >0

Here f is a test function.
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» Recall that the field equations are derived from

<0‘65[¢, J]’

» This yields an infinite tower of relations between the
Green function of a quantum field theory

» These relations are non perturbative in nature
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» Recall that the field equations are derived from

<0‘65[¢, J]’

» This yields an infinite tower of relations between the
Green function of a quantum field theory

» These relations are non perturbative in nature

» They provide a natural platform to study DCSB and
Confinement in gauge theories
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Define the self-energy ¥(p)

In terms of ¥(p)

This corresponds to the expression

-+

Se() = SP(p)+ S (P)Z(p) S (p)
+5O(0)Z(P) S () Z(P)S (p) + ...
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This is a geometric series, which can be written as

)
) )5y

Also, leaving the first term apart, the remaining expression is
also a geometric series:

S (PZ(P)SE (p)

()
Sr(p) =S¢’ (p) + 1-%(p)SY (p)

Combining these two expressions

Sr(p) = SP(p) + S (P)Z(p) SE (p)
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It is customary to re-write this expression for the inverse
electron propagator

Using Feynman rules

d
571(p) = 5 (p)-4ma [ %vﬂsp(k)ry(k,p>Auu(kp>

Diagrammatically, it corresponds to
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» Electron propagator

» Photon propagator

W=W_Qv

» Electron-photon vertex

X
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Se'p) = 2SP Hp)
d*k

42 2ir Ce [ S STk )k~ p)

The most general form of the quark propagator is

_ 1  F(p?)
¥ (P) = A T B ~ B M)
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10' ;
10° £ .. o
>
] —1
g 10 r
“g ——— b—quark
= —-—- c—quark
102 | s—quark
u,d—quark
o chQiraQI Iimitg
M(p’) =p
10°
107 107

Adapted from nucl-th/0007054.
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» For the quark propagator, the Axiom implies that
d*p . .-
_ 3 i(tpg+X- 2
A(t) = /d X/(27r)4e(p4 p)U(p )
1

— 7T/OOO dpy cos(tps)o(p3) >0,
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Framework

Alfredo Raya

» If there exists an asymptotic stable state associated to
this propagator,

d
—mt I It —
A(t) ~e™™ = — lim — In[A(t)] = m

» For complex mass-like singularities p = a & ib

A(t) ~ e " cos(bt + §)
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R yu—VerteX —
— = Ball-Chiu-Vertex ]

Inls(t)l

10°F

U N — T R
0 5 10 5 20
¢ [1/GeV]

Adapted from J. Phys. G32, R253 (2006).
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» Field equations in QFT come from the Ehrenfest Alfredo Raya
theorem and the Principle of least action

v

Gauge principle indicates the form of interactions

v

Spurious degrees of freedom should be taken care of

» Gauge fixing terms
» Ghosts in QCD

Confinement

v

» Physical states are colorless Summary
» Kugo-Ojima
» Reflexion Positivity

v

Schwinger-Dyson equations

» Natural platform to study non-perturbative phenomena
> Infinite tower of relations among Green's functions

v

Dynamical Chiral Symmetry Breaking
» Gap equation in QCD
» Light quarks = Nucleons

Confinement and DCSB connected

v
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