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1.   Introduction and Motivation 



1.1    Test of New Physics : Vus 

•  Extraction of the Cabibbo-Kobayashi-Maskawa matrix element Vus 

Ø  Fundamental parameter of the Standard Model 
Check unitarity of the first row of the CKM matrix:  
       Cabibbo Universality 

 
 
 
Ø  Input in UT analysis 

 
•  Look for new physics 

Ø  In the Standard Model : W exchange          only V-A structure  

 
 
 

 

 

?2 2 2 1ud us ubV V V+ + =

Negligible  
(B decays) 
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1.1    Test of New Physics : Vus 

Ø  BSM: sensitive to tree-level and loop effects of a large class of models 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
         BSM effects :  

 
Ø  Look for new physics by comparing the extraction of Vus from different 

processes: helicity suppressed Kµ2, helicity allowed Kl3, hadronic τ decays 

 
 
 

 

 

2 2 2 1ud us CKMubV V V + Δ+ + =

( )2~ vCKMΔ Λ
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ud usd V d V sθ = +

•  From kaon, pion, baryon and nuclear decays 

 
 
 
 
 
 
 
 
 
 

•  From τ decays (crossed channel) 
 

 
 
 
 

  
 
 

 

 

1.2    Paths to Vud and Vus  

Vud  τ          ππντ τ               πντ τ             hNSντ 

Vus τ           Kπντ τ               Kντ 
τ              hSντ 
(inclusive) 

Vud 
 0+     0+ 

π±      π0eνe 
n      peνe π     lνl   

Vus K      πlνl Λ      peνe  K       lνl   
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1.2    Paths to Vud and Vus  
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• From kaon, pion, baryon and nuclear decays 
 

 
 
 
 
 
 
 
 
 
 

• From W decays (crossed channel) 
 

 
 
 

 
 
 
 

  
 
 

 
 

 
 

1.2  Paths to Vud and Vus  
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Vud 

 0+ o 0+ 

Sr o S0eQe 
no peQe S o l Ql   

Vus K o SlQl /o peQe K o l Ql   

W

Vud W o SQW W o hNSQW 

Vus W o KSQW W o KQW 
W o hSQW 
(inclusive) 
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 τ            ππντ 



1.2    Paths to Vud and Vus  
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• These are the golden modes to extract Vud and Vus 
 

¾ Only the vector current contributes 
 

¾ Normalization known in SU(2) [SU(3)] symmetry limit 
 

¾ Corrections start at 2nd order in SU(2) [SU(3)] breaking 
 
 

 
 

• Currently the most precise determination of Vud and Vus 
 

  Vud (0.02 %)  and Vus (0.5 %) 

 
 
 
 

 
 
 
 

  
 
 

 
 

 
 

1.2  Paths to Vud and Vus  
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Ademollo & Gato, Berhands & Sirlin 
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1.2    Paths to Vud and Vus  
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• From kaon, pion, baryon and nuclear decays 
 

 
 
 
 
 
 
 
 
 

• no peQe:  
¾ Both V and A currents contribute         need experimental 

information on A (e.g. E asymmetry (rA= gA/gV))  
 

¾ Free of nuclear uncertainties 
 

¾ Probe different combinations of BSM operators (e.g. right-handed 
currents, etc…)  

 

 

 
 
 
 

 
 
 
 

  
 
 

 
 

 
 

1.2  Paths to Vud and Vus  
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Vud 

 0+ o 0+ 

Sr o S0eQe 
no peQe S o l Ql   

Vus K o SlQl /o peQe K o l Ql   
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1.2    Paths to Vud and Vus  
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• From kaon, pion, baryon and nuclear decays 
 

 
 
 
 
 
 
 
 
 
 

• From W decays (crossed channel) 
 

 
 
 

 
 
 
 

  
 
 

 
 

 
 

1.2  Paths to Vud and Vus  
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Vud 

 0+ o 0+ 

Sr o S0eQe 
no peQe S o l Ql   

Vus K o SlQl /o peQe K o l Ql   

W

Vud W o SQW W o hNSQW 

Vus W o KSQW W o KQW 
W o hSQW 
(inclusive) 
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1.2    Paths to Vud and Vus  
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• Kl2/Sl2 and W o K/SQW 
¾ Only the axial current contributes 

 

¾ Need to know the decay constants FK, FS 

      Lattice QCD 
 

¾ Probe different BSM operators than from the vector case 
 
 
 

• Input on FK/ FS           Vus/Vud  very precisely 

 
 
 

 
 
 
 

  
 
 

 
 

 
 

1.2  Paths to Vud and Vus  
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W

 

• From W decays (crossed channel) 
 

 
 
 

 
 
 
 

  

• Possibility to determine Vud, Vus from inclusive W decays 
¾ Use OPE to calculate the inclusive BRs 
 

¾ Different test of BSM operators inclusive vs. exclusive 
 

 
 

 
 

 

1.2  Paths to Vud and Vus  
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Vud W o SQW W o hNSQW 

Vus W o KSQW W o KQW 
W o hSQW 
(inclusive) 

12 

 τ            ππντ 



2.   Vus from inclusive hadronic τ decays 



2.1   Introduction 

•  Tau, the only lepton heavy enough to decay into hadrons 
	
	

•  																																																	 use perturbative tools: OPE… 
	
	

•  Inclusive τ decays :	            fund. SM parameters 
                                                                    	
	

•  We consider  

	
	
	
	

•  ALEPH and OPAL at LEP measured with  
precision not only the total BRs but also  
the energy distribution of the  
hadronic system         huge QCD activity! 

	
	
	

•  Observable studied: 
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( ),ud us ττ ν→   α S mτ( ) ,  Vus ,  ms( )

  mτ ~ 1.77GeV > ΛQCD

  Γ τ − →ντ + hadronsS=0( )

  Γ τ − →ντ + hadronsS≠0( )

14 

(0 1)
1 ,v ( ) 2 Im ( )ud Vs sS � 3

(0 1)
1 ,a ( ) 2 Im ( )ud As sS � 3

Davier et al, 1312.1501 

SPECTRAL  FUNCTIONS 

BF  data 
needed 

A. Pich                                                                                      Leptons & QCD                                                                                            5 

  
Rτ ≡

Γ τ − →ντ + hadrons( )
Γ τ − →ντe

−ν e( )

ud usd V d V sθ = +

Davier	et	al’13 



  
•                                               parton model prediction  

 
 
 

•     

•    
 
 

  
 
 
 
 
 

 
 

 
 
      

 
 

2.2  Theory 

  
Rτ ≡

Γ τ − →ντ + hadrons( )
Γ τ − →ντe

−ν e( ) ≈ NC

Emilie Passemar 

  Rτ = Rτ
NS + Rτ

S ≈ Vud

2
NC + Vus

2
NC

15 

M. González-Alonso /23 

  Extraction$of$αS$and$Vus.$The$idea$is$simple:$

(Inclusive) Hadronic tau decays 

Tau physics 

In
te

ns
it

y 
F

ro
nt

ie
r 

20
13

 

QCD switch 

(αS=0) 
€ 

Rτ ≡
Γ τ →ντ + hadrons( )
Γ τ →ντ  e

−  ν e( )
≈ NC

€ 

Rτ = Rτ
S=0 + Rτ

S≠0 ≈ NC Vud
2

+ NC Vus
2
≈ 2.85 + 0.15

€ 

Vus
2

Vud
2 ≈

Rτ
S≠0

Rτ
S=0

€ 

Vus
2
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Vus

2

Vud

2 =
Rτ

S

Rτ
NS  Vus

ud usd V d V sθ = +

Figure from  
M. González Alonso’13 



  
•                                               parton model prediction  

 
 
 

•     
 
 
 
 
 

•   Experimentally: 

 
 

  
 
 
 
 
 

 
 

 
 
      

 
 

2.2  Theory 

  
Rτ ≡

Γ τ − →ντ + hadrons( )
Γ τ − →ντe

−ν e( ) ≈ NC
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  Rτ = Rτ
NS + Rτ

S ≈ Vud

2
NC + Vus

2
NC
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1
3.6291 0.0086e

e

B B
R

B
µ

τ

− −
= = ±
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  Extraction$of$αS$and$Vus.$The$idea$is$simple:$

(Inclusive) Hadronic tau decays 
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€ 

Rτ = Rτ
S=0 + Rτ

S≠0 ≈ NC Vud
2

+ NC Vus
2
≈ 2.85 + 0.15

€ 

Vus
2

Vud
2 ≈

Rτ
S≠0

Rτ
S=0

€ 

Vus
2

The complication is here! 

QCD switch 

(αS≠0) 

[exp: ~3.628(9)] 

€ 

Rτ ≡
Γ τ →ντ + hadrons( )
Γ τ →ντ  e

−  ν e( )
≈ NC

[exp: ~3.467(8) + 0.161(3)] 

+ corr. 

€ 

Rτ
S=0 ≈ NC Vud

2
+O(α s)

€ 

α s
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ud usd V d V sθ = +



  
•                                               parton model prediction  

 
 
 

•     
 
 
 
 
 

•  Experimentally: 

	
•  Due	to	QCD	correc1ons:	

	

 
 

  
 
 
 
 
 

 
 

 
 
      

 
 

3.2  Theory 

  
Rτ ≡

Γ τ − →ντ + hadrons( )
Γ τ − →ντe

−ν e( ) ≈ NC
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  Rτ = Rτ
NS + Rτ

S ≈ Vud

2
NC + Vus

2
NC
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  Extraction$of$αS$and$Vus.$The$idea$is$simple:$

(Inclusive) Hadronic tau decays 

Tau physics 
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€ 

Rτ = Rτ
S=0 + Rτ

S≠0 ≈ NC Vud
2

+ NC Vus
2
≈ 2.85 + 0.15

€ 

Vus
2

Vud
2 ≈

Rτ
S≠0

Rτ
S=0

€ 

Vus
2

The complication is here! 

QCD switch 

(αS≠0) 

[exp: ~3.628(9)] 

€ 

Rτ ≡
Γ τ →ντ + hadrons( )
Γ τ →ντ  e

−  ν e( )
≈ NC

[exp: ~3.467(8) + 0.161(3)] 

+ corr. 

€ 

Rτ
S=0 ≈ NC Vud

2
+O(α s)

€ 

α s

11 

( )2 2
ud C us C SR V N V Nτ α= + +Ο

ud usd V d V sθ = +



•  From the measurement of the spectral functions,  
extraction of αS, |Vus| 
  

•                                                naïve QCD prediction  

 
 
 

•  Extraction of the strong coupling constant :  

 
 
 
 
 

•  Determination of Vus :  
	
	
	
	

•  Main difficulty: compute the QCD corrections with the best accuracy 
	

  
 
 
 
 
 

 
 

 
 
      

 
 

2.2   Theory 

  
Rτ ≡

Γ τ − →ντ + hadrons( )
Γ τ − →ντe

−ν e( ) ≈ NC
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  Extraction$of$αS$and$Vus.$The$idea$is$simple:$

(Inclusive) Hadronic tau decays 
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€ 

Rτ = Rτ
S=0 + Rτ

S≠0 ≈ NC Vud
2

+ NC Vus
2
≈ 2.85 + 0.15

€ 

Vus
2

Vud
2 ≈

Rτ
S≠0

Rτ
S=0

€ 

Vus
2

The complication is here! 

QCD switch 

(αS≠0) 

[exp: ~3.628(9)] 

€ 

Rτ ≡
Γ τ →ντ + hadrons( )
Γ τ →ντ  e

−  ν e( )
≈ NC

[exp: ~3.467(8) + 0.161(3)] 

+ corr. 

€ 

Rτ
S=0 ≈ NC Vud

2
+O(α s)

€ 

α s

11 

  Rτ
NS = Vud

2
NC +O α S( )

measured calculated 

Sα

  

Vus

2

Vud

2 =
Rτ

S

Rτ
NS +O α S( )

ud usd V d V sθ = +



•  Calcula-on	of	Rτ: 

	
	
	
	

•  Analy-city:	Π	is	analy-c	in	the	en-re	complex	plane	except	for	s	real	posi-ve	
	

																					Cauchy	Theorem	

	
	
	

•  We	are	now	at	sufficient	energy	to	use	OPE:	

 
 
 
 
 
 
 
 
 
 
 

 

 
 
 
 
 
	
	
	

	

  
 
 
 
 
 

 
 

 
 
      

 
 

2.3   Calculation of the QCD corrections 
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Braaten,	Narison,	Pich’92	( ) ( ) ( ) ( )
2 2

1 02
2 2 2

0

( ) 12 1 1 2 Im Im
m

EW
ds s sR m S s i s i
m m m

τ

τ τ
τ τ τ

π ε ε
⎡ ⎤⎛ ⎞ ⎛ ⎞

= − + Π + + Π +⎢ ⎥⎜ ⎟ ⎜ ⎟
⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦

∫

   
Rτ (mτ

2 ) = 6iπ SEW
ds
mτ

2 1 − s
mτ

2

⎛

⎝⎜
⎞

⎠⎟

2

1 + 2 s
mτ

2

⎛

⎝⎜
⎞

⎠⎟
Π 1( ) s( ) + Π 0( ) s( )⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥s =mτ

2!∫

( ) ( )
2

0,2,4... dim

1( ) ( , ) ( )
( )

JJ
DD

D O D
s s O

s
µ µ

= =
Π =

−∑ ∑ C

Wilson	coefficients	 Operators	
μ:	separa-on	scale	between															
	short	and	long	distances	



•  Calcula-on	of	Rτ: 

 
 
•  Electroweak	correc-ons:	

•  	Perturba-ve	part	(D=0):	
	
	
	
	
	

•  D=2:	quark	mass	correc-ons,	neglected	for																								but	not	for											
	

•  	D	≥	4:	Non	perturba-ve	part,	not	known,	fi>ed	from	the	data	
													Use	of	weighted	distribu-ons	

 
 
 
 
 
 
 
 
 
 
 

 

 
 
 
 
 
	
	
	

	
  

 
 
 
 
 

 
 

 
 
      

 
 

2.3   Calculation of the QCD corrections 
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Braaten,	Narison,	Pich’92	

( ) ( )2  1C EW P NPR m N Sτ τ δ δ= + +

1.0201(3)EWS = Marciano	&Sirlin’88,	Braaten	&	Li’90,	Erler’04	

2 3 45.20 26 127 ... 20%P a a a aτ τ τ τδ = + + + + ≈
Baikov,	Chetyrkin,	Kühn’08	

( )s ma τ
τ

α
π

=

( ) ,NS
u dR m mτ ∝ ( ) s

SR mτ ∝



•  	D	≥	4:	Non	perturba-ve	part,	not	known,	fi>ed	from	the	data	
													Use	of	weighted	distribu-ons	
	

Exploit	shape	of	the	spectral	func-ons		
to	obtain	addi-onal	experimental		
informa-on	

 
 
 
 
 
 
 
 
 
 
 

 

 
 
 
 
 
	
	
	

	

  
 
 
 
 
 

 
 

 
 
      

 
 

2.3   Calculation of the QCD corrections 
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Le	Diberder&Pich’92	

( ) s
SR mτ ∝

Zhiqing Zhang (zhang@lal.in2p3.fr, LAL, Orsay) /13 5 Tau 2014, Aachen, Sept. 15-19, 2014 

Exploit shape of SFs to obtain additional  
experimental information: Le Diberder-Pich,                

PL B289, 165 (1992) 

Weighting factor suppresses the region where  
OPE fails and we have small statistics. 

 with corresponding perturbative and nonperturbative OPE terms 

  Theory prediction very similar to Rτ: 

  Because of the strong correlations, only four moments are used. 

 Five experimental inputs (Rτ + 4 moments) for four unknowns  

R⌧ ⌘ R00
⌧

Zhiqing Zhang (zhang@lal.in2p3.fr, LAL, Orsay) /13 5 Tau 2014, Aachen, Sept. 15-19, 2014 

Exploit shape of SFs to obtain additional  
experimental information: Le Diberder-Pich,                

PL B289, 165 (1992) 

Weighting factor suppresses the region where  
OPE fails and we have small statistics. 

 with corresponding perturbative and nonperturbative OPE terms 

  Theory prediction very similar to Rτ: 

  Because of the strong correlations, only four moments are used. 

 Five experimental inputs (Rτ + 4 moments) for four unknowns  

R⌧ ⌘ R00
⌧

Zhang’Tau14	



2.4   Inclusive determination of  Vus 

 
•  With	QCD	on:		

 
 
 
 
 
 

•  Use OPE: 

 
 
 
 
 
 

•  	
												computed	using	OPE	

 

 
 
 

 
 

  

Vus

2

Vud

2 =
Rτ

S

Rτ
NS +O α S( )
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  Extraction$of$αS$and$Vus.$The$idea$is$simple:$

(Inclusive) Hadronic tau decays 
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€ 

Rτ = Rτ
S=0 + Rτ

S≠0 ≈ NC Vud
2

+ NC Vus
2
≈ 2.85 + 0.15

€ 

Vus
2

Vud
2 ≈

Rτ
S≠0

Rτ
S=0

€ 

Vus
2

The complication is here! 

QCD switch 

(αS≠0) 

[exp: ~3.628(9)] 

€ 

Rτ ≡
Γ τ →ντ + hadrons( )
Γ τ →ντ  e

−  ν e( )
≈ NC

[exp: ~3.467(8) + 0.161(3)] 

+ corr. 

€ 

Rτ
S=0 ≈ NC Vud

2
+O(α s)

€ 

α s

11 

  
δ Rτ ≡

Rτ ,NS

Vud

2 −
Rτ ,S

Vus

2

  Rτ
NS mτ

2( ) = NC  SEW Vud

2
1 + δ P + δ NP

ud( )

  Rτ
S mτ

2( ) = NC  SEW Vus

2
1 + δ P + δ NP

us( )

Vus
2
=

Rτ ,S

Rτ ,NS

Vud
2 − δRτ ,th

SU(3)	breaking	quan-ty,	strong	
dependence	in	ms		computed	from	
OPE	(L+T)	+	phenomenology	
	
   
δ Rτ ,th = 0.0242(32) Gamiz	et	al’07,	Maltman’11		

  Rτ ,S = 0.1633(28)

  Rτ ,NS = 3.4718(84)

HFAG’17		
	

  Vud = 0.97417(21)

  Vus = 0.2186 ± 0.0019exp ± 0.0010th

3.1σ	away	from	unitarity!	 
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0.21

0.21

0.22

0.22

0.23

0.23

0.24

0.24

0.25

0.25

Vus

τ -> Kν absolute (+ fK)

τ -> Kπντ decays (+ f+(0), FLAG)

τ  branching fraction ratio

Kl3 analyses

Kl2 /πl2 decays (+ fK/fπ)

τ -> s inclusive 

Our result from Belle BR

τ decays

Kaon and hyperon decays

Kl3 decays (+ f+(0))

Hyperon decays

τ -> Kν / τ -> πν (+ fK/fπ)

From Unitarity 
Flavianet  

Kaon WG’10 
  update by  

Moulson’CKM16 

BaBar & Belle 
HFAG’17 
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NB:	BRs	measured	by	B	factories	are	systema-cally		
smaller	than	previous	measurements	



3.5   Vus using info on Kaon decays and τ      Kπντ 
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Use information from K decays 

Larger  R6 
 
 
 

Larger   Vus 

Antonelli-Cirigliano-Lusiani-Passemar 

(0.713 ± 0.003)% 
(0.471 ± 0.018)% 

(0.857 ± 0.030)% 
 
(2.967 ± 0.060)% 

A. Pich                                                                                            W  Physics                                                                                                  15 
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(0.471 ± 0.018)% 

(0.857 ± 0.030)% 
 
(2.967 ± 0.060)% 
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Antonelli, Cirigliano, Lusiani, E.P. ‘13 

•  Longstanding inconsistencies  
between τ  and kaon decays  
in extraction of Vus seem to have  
been resolved ! 

	    R. Hudspith, R. Lewis, K. Maltman, 
     J. Zanotti’17 
	
•  Crucial input:  

τ	→	Kπντ	Br + spectrum  
 
 
 

               need new data 
	

  Vus = 0.2229 ± 0.0022exp ± 0.0004theo
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Antonelli, Cirigliano, Lusiani, E.P. ‘13 

•  Longstanding inconsistencies  
between τ  and kaon decays  
in extraction of Vus seem to have  
been resolved ! 

	    R. Hudspith, R. Lewis, K. Maltman, 
     J. Zanotti’17 
	
•  Crucial input:  

τ	→	Kπντ	Br + spectrum  
 
 
 

               need new data 
	

  Vus = 0.2229 ± 0.0022exp ± 0.0004theo

|us|V
0.22 0.225

, PDG 2016l3K
 0.0010±0.2237 

, PDG 2016l2K
 0.0007±0.2254 

CKM unitarity, PDG 2016
 0.0009±0.2258 

 s incl., Maltman 2017→ τ
 0.0004± 0.0022 ±0.2229 

 s incl., HFLAV 2016→ τ
 0.0021±0.2186 

, HFLAV 2016νπ → τ / ν K→ τ
 0.0018±0.2236 

 average, HFLAV 2016τ
 0.0015±0.2216 

HFLAV
Spring 2017

Figure 1: |V
us

| averages. The “Maltman 2017” |V
us

| determination [87] reports the experimental uncertainty followed
by the theoretical uncertainty.

5.3 |V
us

| from ⌧ summary

We summarize the |V
us

| results reporting the values, the discrepancy with respect to the |V
us

| determination from
CKM unitarity, and an illustration of the measurement method:

|V
us

|
uni

= 0.22582 ± 0.00089 [from
p

1 � |V
ud

|2 (CKM unitarity)] ,

|V
us

|⌧s

= 0.2186 ± 0.0021 � 3.1� [from �(⌧� ! X�
s

⌫⌧ )] ,

|V
us

|⌧K/⇡ = 0.2236 ± 0.0018 � 1.1� [from �(⌧� ! K�⌫⌧ )/�(⌧� ! ⇡�⌫⌧ )] .

Averaging the two above |V
us

| determinations that rely on the ⌧ branching fractions (taking into account all corre-
lations due to the ⌧ HFLAV and other mentioned inputs) we obtain, for |V

us

| and its discrepancy:

|V
us

|⌧ = 0.2216 ± 0.0015 � 2.4� [average of 2 |V
us

| ⌧ measurements] .

All |V
us

| determinations based on measured ⌧ branching fractions are lower than both the kaon and the CKM-unitarity
determinations. This is correlated with the fact that the direct measurements of the three major ⌧ branching fractions
to kaons [B(⌧ ! K�⌫⌧ ), B(⌧ ! K�⇡0⌫⌧ ) and B(⌧ ! ⇡�K

0

⌫⌧ )] are lower than their determinations from the
kaon branching fractions into final states with leptons within the SM [69, 88, 89]. In addition, according to recent
studies [90, 87], the theory uncertainty of the |V

us

| determination from inclusive ⌧ ! X
s

⌫ may be underestimated.
The same recent studies also report an alternative |V

us

| determination that relies on the ⌧ spectral functions in
addition to the inclusive ⌧ ! X

s

⌫ branching fraction. The resulting value of |V
us

| is consistent with the other
|V

us

| determinations (more precisely, it is about 1� lower); however the better agreement mostly depends on the
fact that the HFLAV average of B(⌧ ! K�⌫⌧ ) has been replaced with the SM prediction based on the measured
B(K� ! µ�⌫µ) and the HFLAV average of B(⌧ ! K�⇡0⌫⌧ ) has been replaced with a yet unpublished BABAR
result contained in a PhD thesis.

In previous editions of the HFLAV report, we also computed |V
us

| using the branching fraction B(⌧ ! K⌫) and
without taking the ratio with B(⌧ ! ⇡⌫). We do not report this additional determination because it did not include
the long-distance radiative corrections in addition to the short-distance contribution, and because it had a negligible
effect on the overall precision of the |V

us

| calculation with ⌧ data.

Figure 1 summarizes the |V
us

| results, reporting also recent determinations of |V
us

| from kaon decays [91], CKM
matrix unitarity [91] and the above mentioned determination of |V

us

| from inclusive ⌧ ! X
s

⌫ decays and ⌧ spectral
functions [87].
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3.   Vus from exclusive hadronic τ decays : 
 
 Ø  τ      Kπντ decays 



3.1.1   Introduction: key ingredients 

•  Master formula for τ       Kπντ : 

 
 
 
 

•  Experimental inputs from HFAG Banerjee et al.’12 

     
 
 

 
 

 
 
 
 

 
 
 
 

 
 

Γ τ → Kπντ γ⎡⎣ ⎤⎦( ) = GF
2mτ

5

96π 3 CK
2 SEW

τ Vus
2
f+
K 0π −

(0)
2
IK
τ 1+ δEM

Kτ + δ!SU(2)
Kπ⎛

⎝
⎞
⎠

2
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3.1.2   Radiative corrections 

•  Master formula for τ      Kπντ : 

 
 
 
 

•  Theoretical inputs : 
Ø  Sew : Short distance electroweak correction �

�
�

		 		 		 

 
 
 

 
 
 
 

 
 
 
 

 
 

Γ τ → Kπντ γ⎡⎣ ⎤⎦( ) = GF
2mτ

5

96π 3 CK
2 SEW

τ Vus
2
f+
K 0π −

(0)
2
IK
τ 1+ δEM

Kτ + δ!SU(2)
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⎝
⎞
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2

ew 1.0201S =
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Marciano &Sirlin’88, Braaten & Li’90, Erler’04 
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3.1.2   Radiative corrections 

•  Master formula for τ      Kπντ : 

 
 
 
 

•  Theoretical inputs : 
Ø  Sew : Short distance electroweak correction 

Ø         : Long-distance electromagnetic corrections 
       

 
 
 
 

Ø                                    à ChPT to O(p2e2) 
                                

                                  à Counter-terms neglected 
 

         based on  τ -      π – π0 ντ	
	
	
\ �
�
�

		 		 		 	   and 
 
 

 
 
 

 
 
 
 

 
 
 
 

 
 

Γ τ → Kπντ γ⎡⎣ ⎤⎦( ) = GF
2mτ

5

96π 3 CK
2 SEW

τ Vus
2
f+
K 0π −

(0)
2
IK
τ 1+ δEM

Kτ + δ!SU(2)
Kπ⎛

⎝
⎞
⎠

2

ew 1.0201S =

EM
Klδ

F. Flores-Baez, A. Flores-Tlalpa, 
G. Lopez Castro,  
G. Toledo Sanchez’06 

τ - 
K- 

π0 

ντ 

( )EM 0.2 0.2 %K τδ
−

= − ±( )0

EM 0.15 0.2 %K τδ = − ±

Antonelli, Cirigliano, Lusiani, E.P.’13 

Cirigliano, Neufeld, Ecker’02 

F.V. Flores-Baez, J.R. Morones-Ibarra’13 
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where κ is a complex constant and represents the fraction of the scalar resonance
contribution.
The mass and width of K∗(892),K∗(1410) are fixed from [25] meanwhile the
parameters of K∗

0 (800) are taken from [26]. With the values of Table 3 given

in[6], it is found that I(0)KSπ± = 0.384221. Assuming that

B(τ± → K0π±ν) = B(τ± → KSπ
±ν) + B(τ± → KLπ

±ν)

= 2B(τ± → KSπ
±ν) , (22)

then we get

I(0)K0π± = 2I(0)KSπ± ∼ 0.768 . (23)

Τ
"
# K0

Π
"
ΝΤ

"
# K0

Π
"
Ν

Τ
"
# K"Π0

Ν

0.5 1.0 1.5 2.0 2.5 3.0
s

0.5

1.0

1.5

2.0

2.5

u
Dalitz Plot

Figure 1: The Dalitz plot without electromagnetic corrections for the tau decay into the Kπ
hadronic final state, the Mandelstand variables are defined in the text and masses are given
in GeV.

2.2 An overview on electromagnetic corrections

Here we addres some general effects of the electromagnetic corrections. First
we assume the simplest and easiest scenario: there is just one form factor that
is not affected by the one loop integration, in other words its dependence on s
is negligible and we denote this by writing F+(s) = FV . In this case the tree
level amplitude for the τ+ → P+P 0ν decay reads

M(0) = GFVCKMCCGFV lµ(p+ − p0)
µ . (24)

The amplitude for the one loop electromagnetic correction with pointlike meson-
photon interaction is found to be

Mv = GFVCKMCCGFV lµ
α

4π

[

fe.m.
+ (u)tµ− + fe.m.

− (u)tµ+
]

, (25)

6

3.1.2   Radiative corrections 

F.V. Flores-Baez, J.R. Morones-Ibarra’13 
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3.1.2   Radiative corrections 

•  Master formula for τ       Kπντ : 

 
 
 
 

•  Theoretical inputs : 
Ø  Sew : Short distance electroweak correction 

Ø         : Long-distance electromagnetic corrections 

 
     and 

 
Ø         : Isospin breaking corrections 
 
 
                 
 
 

     + IB in the K*- to Kπ coupling 
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Antonelli, Cirigliano, Lusiani, E.P.’13 
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3.1.3   Phase space integrals 

•  Master formula for τ       Kπντ : 

 
 
 
 

•  Theoretical inputs : 
Ø  IK : Phase space integral           need a parametrization for the normalized 

form factors to fit the experimental distributions  
 
 
 
 
 

Hadronic matrix element: Crossed channel from K       πlνl 

 
      
 

 
          Use a dispersive parametrization to combine with Kl3 analysis 
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•  Invariant	mass	spectra:	constraints	on	FF	very	important	for	tes-ng	QCD	
dynamics	and	the	SM	and	new	physics:	

	
	
	
	
	
	

 
 
 
 
 
 
 
 
 
 
 

 

 
 
 
 
 
	
	
	

	

  
 
 
 
 
 

 
 

 
 
      

 
 

τ à Kπντ 

Kπ  form	factors	:											Vus		

Emilie Passemar 

Form factors 

Jamin, Pich, Portolés’08 
 
 Bernard, Boito, E.P’11 
Bernard’13,  
Escribano, González-Solis, Jamin, Roig’14 

Boito, Escribano, Jamin’09,’10  
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3.1.5   Results for phase space integrals 

•  From the results of the fit to the Belle + Kl3 data : 
 
 
 
 
 
 
 
 
 
 
 
 
Precision :       3.4%,        3.7%  
To be compared to the precision on      : 0.14 % 

 Should be improved with more precise measurements! 

0K
Iτ

K
Iτ +

l
K
I

Emilie Passemar 

Integral result error exp theo

I⌧K0

0.50418 0.01762 0.01689 0.00501

IeK0

0.15472 0.00022 0.00022 0.00000

I⌧K0

/IeK0

3.25864 0.11115 0.10634 0.03235

I⌧K+

0.52387 0.01958 0.01889 0.00515

IeK+

0.15909 0.00025 0.00025 0.00000

I⌧K+

/IeK+

3.29282 0.12032 0.11589 0.03235

Table 4: Phase space integrals for the charged and neutral modes of ⌧ ! K⇡⌫ and Ke3 as well
as their ratio using the results of the fits to Belle and K`3 data, see Tab. 2. The experimental
uncertainty comes from the uncertainties from the fit parameters and the theoretical uncertainty
comes from the uncertainty of the phase of the form factors in the inelastic region, where a
large band of 2⇡ has been taken, see section 2.3.1. The two uncertainties have been summed
in quadrature to give the final one.

Integral result error exp theo

I⌧K0

0.49590 0.00820 0.00662 0.00484

IeK0

0.15471 0.00015 0.00015 0.00000

I⌧K0

/IeK0

3.20545 0.05060 0.03562 0.03130

I⌧K+

0.51536 0.00858 0.00631 0.00498

IeK+

0.15908 0.00017 0.00017 0.00000

I⌧K+

/IeK+

3.23973 0.05114 0.03635 0.03132

Table 5: Phase space integrals for the charged and neutral modes of ⌧ ! K⇡⌫ and Ke3 as well
as their ratio using the results of the fits to the projected 2nd generation of B-factories and
K`3 data, see Tab. 2.

presented in Ref. [12, 13] we find that long distance EM e↵ects in ⌧ ! K⇡⌫⌧ induce 2:

(i) An overall correction g
rad

(s, u) to the di↵erential decay rate, that combines the e↵ect of
soft real photon emission and the universal soft part of one-loop diagrams. The virtual- and
real-photon corrections are IR divergent and depend on the IR regulator M�, while their sum
is finite:

g
rad

(s, u) ⌘ ↵

2⇡
�C(u,m

2

⌧ ,m
2

1

,M2

� ) + g
brems

(s, u,m2

1

,m2

2

,M2

� ) . (21)

2For the two decay modes we adopt this conventions for the particle four-momenta: ⌧�(p⌧ ) !
⇡�(p1)K0(p2)⌫⌧ (q) and ⌧�(p⌧ ) ! K�(p1)⇡0(p2)⌫⌧ (q). The EM corrections involve the Mandelstam vari-
able u = (p⌧ � p1)2, where p⌧ and p1 denote the four-momentum of the ⌧ and the charged meson (K or ⇡) in
the final state.Moreover, m2

1 = p21 denotes the mass squared of the charged meson.

9
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•  Result for τ       Kπντ :  
 
 
 
 
 

     
 

     with 
 

 

 
 
 
 
 

3.1.6   Extraction of Vus 

  
f+ 0( )Vus = 0.2141 ± 0.0014IK

± 0.0021exp

  Vus = 0.2212 ± 0.0026   f+ 0( ) = 0.9677 27( )

FLAG’16 

Emilie Passemar 

  
BR τ → K 0π −ντ( ) = 0.416 ± 0.008( )% Belle’14 
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•  Result for τ       Kπντ :  
 

     with 
 

 
•  To be compared to results for Kl3:  FLAVIAnet Kaon WG, talk by M. Moulson 

        @CKM16 

•  Not competitive yet but interesting cross check of Vus determination  
from Kl3 and inclusive τ result 
 

 
 
 
 
 

3.1.6   Extraction of Vus 

  f+ 0( )Vus = 0.2165 ± 0.0004

  
f+ 0( )Vus = 0.2141 ± 0.0014IK

± 0.0021exp

  Vus = 0.2212 ± 0.0026

  Vus = 0.2238 ± 0.0004exp ± 0.0006theo

  Vus = 0.2241 ± 0.0007

FLAG’16 

  f+ 0( ) = 0.9677 27( ) FLAG’16 
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•  Result for τ       Kπντ :  
 

     with 
 

 
•  To be compared to results for Kl3:  FLAVIAnet Kaon WG, talk by M. Moulson 

        @CKM16 

 
 
 
 
 

•  Not competitive yet but interesting cross check of Vus determination  
from Kl3 and inclusive τ result 

•  Result of fit to Kl3 + τ       Kπντ and Kπ scattering data including 
     inelasticities in the dispersive FFs  

 
 
 
 
 

3.1.6   Extraction of Vus 

  f+ 0( )Vus = 0.2165 ± 0.0004

  
f+ 0( )Vus = 0.2141 ± 0.0014IK

± 0.0021exp

  Vus = 0.2212 ± 0.0026

  Vus = 0.2241 ± 0.0007

FLAG’16 

  f+ 0( ) = 0.9677 27( ) FLAG’16 

  f+ 0( )Vus = 0.2163 ± 0.0014

Bernard’14 

  Vus = 0.2238 ± 0.0004exp ± 0.0006theo
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τ -> Kπντ decays (+ f+(0), FLAG)

τ  branching fraction ratio

Kl3 analyses

Kl2 /πl2 decays (+ fK/fπ)

τ -> s inclusive 

Our result from Belle BR

τ decays

Kaon and hyperon decays

Kl3 decays (+ f+(0))

Hyperon decays

τ -> Kν / τ -> πν (+ fK/fπ)

From Unitarity 
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BaBar & Belle 
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Emilie Passemar 38 

NB:	BRs	measured	by	B	factories	are	systema-cally		
smaller	than	previous	measurements	



3.   Vus from exclusive hadronic τ decays : 
 

Ø  τ     Kντ / τ      π ντ decays 

Ø  τ     Kντ decays 



•    

 
Ø        : Long-distance radiative corrections 

 
 
 
 
 

Ø  Brs from HFAG’17 with update by A.Lusiani 
 
Ø  FK/ Fπ  from lattice average:                                         FLAG’16 

 

 
Ø  Vud : 
 

 
            1.1σ away from unitarity 
  

 
 
 
 

  
 
 

 

 

3.2   Vus from τ      Kντ / τ       π ντ  

[ ]( )
[ ]( )

( )
( ) ( )

22 2 2

LD222 2

1
1

1
K usK

ud

m mK Vf
fm m V

τ

πτπ

τ ν γ
δ

τ πν γ
±

±

−Γ →
= +

Γ → −

LDδ

LD 1.0003 0.0044δ = ±

  Vud = 0.97417(21)

  Vus = 0.2236 ± 0.0018

Towner & Hardy’14 

Emilie Passemar 

  

fK

fπ
= 1.1930 ± 0.0030
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•    

 

       In principle less precise than ratios  
Ø  Inputs from HFAG’17 with update by A.Lusiani 

 
Ø  FK  from lattice average  
 

  

 
 
 
 

  
 
 

 

 

3.3   Vus from τ      Kντ  

  
BR τ → Kν γ⎡⎣ ⎤⎦( ) = GF

2 mτ
3SEWτ τ

16πh
1 −

m
K ±
2

mτ
2

⎛

⎝
⎜

⎞

⎠
⎟ fK

2 Vus

2

  Vus = 0.2211 ± 0.0020

  fK = 156.3 ± 0.9( )  MeV FLAG’16 
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1.9σ away from unitarity 
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4.   Conclusion and Outlook 



4.1   Conclusion 

•  Studying τ physics          very interesting tests of the Standard Model e.g. Vus 

 

•  Inclusive τ decays :  
 
Error dominated by experiment         Potentially the more precise extraction  
of Vus 

 
•  Simulated New flavour factory data from Belle data :  

Same central values but uncertainties rescaled assuming 40 ab-1 luminosity 
 
 

  

 
 

•  Promising!  Competitive with kaon physics! 
 

  Vus = 0.2176 ± 0.0019exp ± 0.0010th

exp th0.2211 0.0006 0.0010usV = ± ±
  Vus = 0.2176 ± 0.0019exp ± 0.0010th

  Vus = 0.2255 ± 0.0005exp ± 0.0008th

Antonelli, Cirigliano, Lusiani, E.P. ‘13 
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4.2  Outlook : Experimental challenges : strange τ Brs 

•  PDG 2014: « Nineteen of the 20 B-factory branching fraction measurements 
are smaller than the non-B-factory values. The average normalized difference 
between the two sets of measurements is -1.08 » (-1.41 for the 11 Belle 
measurements and -0.75 for the 11 BaBar measurements)   
 

 Supported by predictions from  
 kaon X channel  

 
•  Measured modes by the 2 B factories: 
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– 7–

Figure 2: Distribution of the normalized dif-
ference between the 22 B-factory measurements
of conventional τ -decay branching fractions and
non-B-factory measurements. The Belle and BaBar
collaborations have each published 11 measure-
ments of τ -decay branching fractions for which
older non-B-factory measurements exist.

Belle and BaBar have each published branching fraction

measurements for the six τ -decay modes listed in Table 2.

The normalized difference between the two measured values

is calculated by subtracting the Belle value from the BaBar

value and dividing this difference by the quadratic sum of the

statistical and systematic errors for each measurement. When a

measurement has asymmetric errors, the larger of the two values

is used in the quadratic sum. It is apparent from the values in

Table 2 that the Belle and BaBar values differ significantly for

several of the τ -decay modes.

August 21, 2014 13:18

– 8–

Table 2: Comparison of the Belle and Babar
branching fraction measurements for the six τ -
decay modes that both experiments have mea-
sured. The normalized difference is the differ-
ence between the Belle and BaBar branching
fraction values divided by the quadratic sum
of the statistical and systematic errors for both
measurements.

Mode BaBar − Belle

Normalized Difference (#σ)

π−π+π−ντ (ex. K0) +1.4

K−π+π−ντ (ex. K0) −2.9

K−K+π−ντ −2.9

K−K+K−ντ −5.4

η K−ντ −1.0

φ K−ντ −1.3

Overconsistency of Leptonic Branching Fraction Mea-

surements: To minimize the effects of older experiments which

often have larger systematic errors and sometimes make assump-

tions that have later been shown to be invalid, we exclude old

measurements in decay modes which contain at least several

newer data of much higher precision. As a rule, we exclude

those experiments with large errors which together would con-

tribute no more than 5% of the weight in the average. This

procedure leaves five measurements for Be ≡ B(τ− → e−νeντ )

and five measurements for Bµ ≡ B(τ− → µ−νµντ ). For both

Be and Bµ, the selected measurements are considerably more

consistent with each other than should be expected from the

quoted errors on the individual measurements. The χ2 from the

calculation of the average of the selected measurements is 0.34

for Be and 0.08 for Bµ. Assuming normal errors, the probability

of a smaller χ2 is 1.3% for Be and 0.08% for Bµ.

References

1. R.M. Barnett et al. (Particle Data Group), Review of Par-
ticle Physics, Phys. Rev. D54, 1 (1996).

August 21, 2014 13:18



4.2  Outlook : Experimental challenges : strange τ Brs 

•  PDG 2016: « We find that that BaBar and Belle tend to measure lower τ 
branching fractions and ratios than the other experiments. The average 
normalized difference between the two sets of measurements is -0.8σ (-0.8σ 
for the 16 Belle measurements and -0.9σ for the 11 BaBar measurements)»  
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the difference. The average normalized difference between the

two sets of measurements is -0.8σ (-0.8σ for the 16 Belle

measurements and -0.9σ for the 11 BaBar measurements).

Belle

0

1

2

3

4

−3 −2 −1 0 1 2 3
standard deviations

nu
m

be
r o

f m
ea

su
re

m
en

ts

BaBar

0

1

2

3

4

−3 −2 −1 0 1 2 3
standard deviations

nu
m

be
r o

f m
ea

su
re

m
en

ts

Figure 3: Distribution of the normalized dif-
ference between the 27 B-factory measurements
and non-B-factory measurements. The list in-
cludes 16 measurements of branching fractions
and ratios published by the Belle collaboration
and 11 by the BaBar collaboration that are
used in the fit and for which non-B-factory
measurements exist.

Overconsistency of Leptonic Branching Fraction Mea-

surements.

As observed in the previous editions of this review, measure-

ments of the leptonic branching fractions are more consistent

with each other than expected from the quoted errors on the

individual measurements. The χ2 is 0.34 for Be and 0.08 for

Bµ. Assuming normal errors, the probability of a smaller χ2 is

1.3% for Be and 0.08% for Bµ.

October 1, 2016 19:58
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4.2  Outlook  

•  Experimental challenges :  
strange τ BRs: 
PDG 2014: « Nineteen of the 20 B-factory branching fraction 
measurements are smaller than the non-B-factory values. The average 
normalized difference between the two sets of measurements is -1.08 » 
 

   Supported by predictions from kaon X channel measurements 
 

  More precise measurements 
 
•  Theoretical challenges : 

Ø  Having the hadronic uncertainties under control: OPE vs. Lattice QCD 
or ChPT 

Ø  Isospin breaking  
Ø  Electromagnetic corrections 
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•  With B-factories new measurements : 

 

Prospects : τ strange Brs 

•  Experimental measurements of the strange spectral functions not very precise 
 
 
 
 
 

 
 
 
 
 
 
 

 
•  Before B-factories 

 

Smaller τ        K branching ratios          smaller                  smaller  
 

 
 

,SRτ usV

old
0.1686(47)SRτ =

  Vus new
= 0.2186 ± 0.0019exp ± 0.0010thexp thold

0.2214 0.0031 0.0010usV = ± ±

  
Rτ

S

new
= 0.1615(28)

New measurements are needed ! 



7.   Back-up 
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Vus summary 

|us|V
0.22 0.225

, PDG 2016l3K
 0.0010±0.2237 

, PDG 2016l2K
 0.0007±0.2254 

CKM unitarity, PDG 2016
 0.0009±0.2258 

 s incl., Maltman 2017→ τ
 0.0004± 0.0022 ±0.2229 

 s incl., HFLAV 2016→ τ
 0.0021±0.2186 

, HFLAV 2016νπ → τ / ν K→ τ
 0.0018±0.2236 

 average, HFLAV 2016τ
 0.0015±0.2216 

HFLAV
Spring 2017

Figure 1: |V
us

| averages. The “Maltman 2017” |V
us

| determination [87] reports the experimental uncertainty followed
by the theoretical uncertainty.

5.3 |V
us

| from ⌧ summary

We summarize the |V
us

| results reporting the values, the discrepancy with respect to the |V
us

| determination from
CKM unitarity, and an illustration of the measurement method:

|V
us

|
uni

= 0.22582 ± 0.00089 [from
p

1 � |V
ud

|2 (CKM unitarity)] ,

|V
us

|⌧s

= 0.2186 ± 0.0021 � 3.1� [from �(⌧� ! X�
s

⌫⌧ )] ,

|V
us

|⌧K/⇡ = 0.2236 ± 0.0018 � 1.1� [from �(⌧� ! K�⌫⌧ )/�(⌧� ! ⇡�⌫⌧ )] .

Averaging the two above |V
us

| determinations that rely on the ⌧ branching fractions (taking into account all corre-
lations due to the ⌧ HFLAV and other mentioned inputs) we obtain, for |V

us

| and its discrepancy:

|V
us

|⌧ = 0.2216 ± 0.0015 � 2.4� [average of 2 |V
us

| ⌧ measurements] .

All |V
us

| determinations based on measured ⌧ branching fractions are lower than both the kaon and the CKM-unitarity
determinations. This is correlated with the fact that the direct measurements of the three major ⌧ branching fractions
to kaons [B(⌧ ! K�⌫⌧ ), B(⌧ ! K�⇡0⌫⌧ ) and B(⌧ ! ⇡�K

0

⌫⌧ )] are lower than their determinations from the
kaon branching fractions into final states with leptons within the SM [69, 88, 89]. In addition, according to recent
studies [90, 87], the theory uncertainty of the |V

us

| determination from inclusive ⌧ ! X
s

⌫ may be underestimated.
The same recent studies also report an alternative |V

us

| determination that relies on the ⌧ spectral functions in
addition to the inclusive ⌧ ! X

s

⌫ branching fraction. The resulting value of |V
us

| is consistent with the other
|V

us

| determinations (more precisely, it is about 1� lower); however the better agreement mostly depends on the
fact that the HFLAV average of B(⌧ ! K�⌫⌧ ) has been replaced with the SM prediction based on the measured
B(K� ! µ�⌫µ) and the HFLAV average of B(⌧ ! K�⇡0⌫⌧ ) has been replaced with a yet unpublished BABAR
result contained in a PhD thesis.

In previous editions of the HFLAV report, we also computed |V
us

| using the branching fraction B(⌧ ! K⌫) and
without taking the ratio with B(⌧ ! ⇡⌫). We do not report this additional determination because it did not include
the long-distance radiative corrections in addition to the short-distance contribution, and because it had a negligible
effect on the overall precision of the |V

us

| calculation with ⌧ data.

Figure 1 summarizes the |V
us

| results, reporting also recent determinations of |V
us

| from kaon decays [91], CKM
matrix unitarity [91] and the above mentioned determination of |V

us

| from inclusive ⌧ ! X
s

⌫ decays and ⌧ spectral
functions [87].
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Vus summary 



•     
 
 
 

 
          but perturbatives series for L behave 
                 very badly! 

 

 
•                  known to order            : 

–  transverse contribution computed from theory    
–  longitudinal contribution divergent         determined from data 

2.3   Calculation of δRτ	

δRτ
th ≡

Rτ ,NS

Vud
2 −

Rτ ,S

Vus
2 ≈ NCSEW δud

(D) - δus
(D)⎡⎣ ⎤⎦

D≥2
∑

δRτ
theo ≈ 24

ms
2(mτ

2 )
mτ
2 Δ α S( )

( )kl SαΔ ( )3SO α Gámiz, Jamin, Pich, Prades,Schwab’03,’05 

E. Gámiz, CKM’12 



2.4   Results 

 
 
 
 
•  δRτ,th determined from OPE (L+T) + phenomenology 

 
 
 
 
 
 
 
 

Input : ms                                                                                      lattice average  
 
 
 

•  Tau data :                               and 

 
•  Vud :  
 
 
 
  

Vus
2
=

Rτ ,S

Rτ ,NS

Vud
2 − δRτ ,th

  Rτ ,S = 0.1615(28)
  Rτ ,NS = 3.4650(84) HFAG’12,  

update by A. Lusiani 

0.97425(22)udV = Towner & Hardy’08 

  δ Rτ ,th = 0.1544 ± 0.0037( ) + 9.3 ± 3.4( )ms
2 + (0.0034 ± 0.0028)

Gamiz, Jamin, Pich, Prades, Schwab’07, Maltman’11  

  
ms 2 GeV, MS( ) = 93.8 ± 2.4 MeV FLAG’13 

J=L J=L+T, D=2 

E. Gámiz, CKM’12 

  δ Rτ ,th = 0.0239(30)⎡⎣ ⎤⎦
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2.4   Results 

 
 
 
 
 
 
 

•                                 

 
•  Determination dominated by experimental uncertainties! Contrary to 

Vus from Kl3, dominated by uncertainties on f+(0) 

•  3.4σ away from unitarity!  
 
 
 
 

 
 
  

Vus
2
=

Rτ ,S

Rτ ,NS

Vud
2 − δRτ ,th

, 0.239(30)thRτδ =

  Vus = 0.2176 ± 0.0019exp ± 0.0010th
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