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The search for new states of matter

The search for new elements led to a golden age of
chemistry.

The search for new particles led the golden age of particle
physics.

In condensed matter physics, we ask what are the
fundamental states of matter?
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The search for new states of matter
In the classical world we have solid, liquid and gas. (H2O
condense into ice, water or vapor)

In the quantum world we have metals, insulators,
superconductors, magnets, etc.
Most of these states are differentiated by the broken
symmetries:

Crystal-
Translational

Magnet-
Rotational

Superconductor-
Gauge
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The search for new states of matter

The pattern of symmetry breaking leads to a unique order
parameter.

EFT → Landau-Ginzburg theory → quantum states of
matter

In 1980, a new quantum state was discovered which does
not fit into this paradigm.

Landau and Lifshitz 1980, Statistical Physics (Pergamon Press, Oxford)
K. von Klitzing, Phys. Revi. Lett. 45, 494 (1980)
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The quantum Hall state
The insulating state

Electrons bound to atoms
in closed shells
Electrically inert (finite
energy gap to dislodge
electrons)
Occupied valence and

empty conduction bands
Classify states by
momentum k
Equivalent to Dirac’s
vacuum (energy gap for
pair production)
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The quantum Hall state
The quantum Hall state

Electrons in 2D / strong B
field
Quantized Landau levels
(band structure)
Occupied and empty states
(sim. to insulator)

An E field causes cyclotron
orbits to drift (diff to
insulator)
Quantizaed Hall
conductivity σxy = ne2/h.
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Topological quantization?

What is the difference between a quantum Hall state and an
ordinary insulator?

The answer is a matter of topology!
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Topological quantization?
Topologically equivalent classes

Shape and Genus (holes)
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Topological quantization?

Topologically equivalent classes in physics
Hamiltonian (of many particle systems) with an energy gap

(separating the ground state from the excited states)

⇒ Insulating states are
disconnected with the Hall
states! (or Hamiltonians)
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Topological quantization?
Topological invariance of the Hall conductance

HC remains unchanged by small changes in the sample.

Genus (TI) ⇒ integral over the local curvature
HC (TI) ⇒ integral over the frequency momentum space
(Berry curvature)

nm = (i/2π)
∫

d2k∇× 〈um|∇k|um〉 (1)

A. Martín-Ruiz. ICN-UNAM Electromagnetic response of 3D TIs



Topological Insulators
Electromagnetic response of TIs

Applications
Gravitational θ term

Electromagnetic response of
Topological Insulators
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Effective action of 3D TIs

In the presence of an electromagnetic background, the
fermionic action is given by

S[ψ, ψ,Aµ] =
∫

d4xψ (iγµ∂µ − eAµγµ −m)ψ

The effective electromagnetic action Sθ[Aµ] for the
electromagnetic field is obtained from the fermionic path
integral

e iSθ[Aµ] =
∫
DψDψe iS[m,ψ,ψ,e]
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Effective action of 3D TIs

We can flip the sign of mass continuously by the chiral
rotation ψ → e iγ5θ/2ψ′, under which

ψ (iγµ∂µ −m)ψ = ψ
′ (iγµ∂µ −m′(θ))ψ′

where m′(θ) = me iθγ5 , so that m′(0) = m and m′(π) = −m.

The chiral transformation that rotates m continuously cost the
Jacobian J of the path integral measure DψDψ = JDψ′Dψ′.

Sθ[Aµ] = − lnJ = θe2
32π2

∫
d4xεµναβFµνFαβ
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TR invariant 3D TIs

Topological term?
The θ term is a total derivative:

Fµν F̃ µν = −4E · B = 2εµναβ∂µ (Aν∂αAβ)

TR invariant TIs
Time-reversal invariance requires θ = 0 (trivial) or
θ = π(mod2π) (topological).
θ is determined by the nature of the TR breaking
perturbation (controlled experimentally with a thin
magnetic layer)
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Topological magnetoelectric effect
Electromagnetic response of TRI 3D TIs

S =
∫

d4xL =
∫

d4x (L0 + Lθ)

L0 = 1
8π [εE2 − 1

µ
B2] , Lθ = α

4πθE · B

Axion electrodynamics?
In particle physics the Axion is a dynamical field...
On a TR breaking boundary, θ suddenly changes!
(domain wall)
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Topological magnetoelectric effect

Field equations
Functional variation produces the Maxwell’s equations in
matter

∇ ·D = 4πρ , ∇×H = ∂D
∂t + 4πJ,

∇ · B = 0 , ∇× E = −∂B
∂t ,

with the constitutive relations

D = 4πδL
δE = εE + α

π
θB , H = −4π δL

δB = B
µ
− α

π
θE.
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Topological magnetoelectric effect

Boundary conditions at the interface

[εE]Σ · n = θ̃(B · n)
∣∣∣
Σ

,
[
1
µ
B
]

Σ
× n = −θ̃(E× n)

∣∣∣
Σ
,

[B]Σ · n = 0 , [E]Σ × n = 0,

where θ̃ = αθ/π and

[V]Σ = V(Σ+)− V(Σ−). !!
!"!

!!, !!! !!, !!!

Σ!

−!Σ!
+!Σ!
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Topological magnetoelectric effect

Maxwell’s equations remain unaltered in the bulk.
The θ term modifies the EM field only at the surface.
Emergence of a

Quantized topological magnetoelectric effect:

In a TRI 3D TI, an electric field induces a magneti-
zation, whereas a magnetic field induces an electric
polarization.

The method of images has been used to solve the
modified Maxwell’s equations.
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A Green’s functions approach to the TME

Motivations
The TME has not yet been observed experimentally (the
θ and Maxwell terms in (3+1)D are equally important at
low energies).
Knowledge of Green’s function allows one to compute the
electromagnetic fields for an arbitrary distribution of
sources.
GF can help to design an appropriate experiment.
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A Green’s functions approach to the TME

The θ term is U(1) gauge invariant, thus the electrostatic and
magnetostatic fields can be written as E = −∇φ and
B = ∇× A

In the Coulomb gauge (∇ · A = 0), the electromagnetic
potentials satisfy

−ε(r)∇2φ−∇ε(r) · ∇φ + α

π
∇θ(r) · ∇ × A = 4πρ,

−µ̃(r)∇2A + α

π
∇θ(r)×∇φ +∇µ̃(r)× (∇× A) = 4πJ.

where µ̃(r) = 1/µ(r).
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A Green’s functions approach to the TME

We introduce the Green’s function matrix Gµ
ν(x, x′) which

satisfies [
Oµν

]
x
Gν

σ(x, x′) = 4πηµσδ(x− x′),

such that
Aµ(x) =

∫
Gµ

ν(x, x′)Jν(x′)d3x′.

We introduce the Fourier transform in the direction parallel to
the plane Σ, and define

Gµ
ν (x, x′) = 4π

∫ d2p
(2π)2

e ip·Rgµν (z , z ′) .
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A Green’s functions approach to the TME
One can further solve for the reduced GF. After Fourier
transforming we obtain

G0
0(x, x′) = 1

ε(z ′)

 1
|x− x′| −

sgn(z ′)(ε− 1)( 1
µ

+ 1) + θ̃2

(ε + 1)( 1
µ

+ 1) + θ̃2
1

|x− x′′|

 ,
G i

0(x, x′) = i θ̃
(ε + 1)( 1

µ
+ 1) + θ̃2

ε0ij3Ij(x, x′),

G i
j(x, x′) =

ηi
j

µ̃(z ′)

 1
|x− x′| −

sgn(z ′)(ε + 1)( 1
µ
− 1) + θ̃2

(ε + 1)( 1
µ

+ 1) + θ̃2
1

|x− x′|


− i

1
µ

+ 1
θ̃2

(ε + 1)( 1
µ

+ 1) + θ̃2
∂jK i(x, x′),
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A Green’s functions approach to the TME

One can further solve for the reduced GF. After Fourier
transforming we obtain

G i
3(x, x′) = 1

µ̃(z ′)

[
ηi

3
1

|x− x′| + i
2
1− µ
1 + µ

I i(x, x′)
]
,

where

I(x, x′) = 2i R
R2

(
1− Z
|x− x′′|

)
, K(x, x′) = |x− x′′|I(x, x′),

with Z = |z |+ |z ′|, R = (x − x ′, y − y ′) and R = |R|
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Topological Kerr and Faraday rotation
Image magnetic monopole effect
Images magnetic charge and current densities
Casimir effect with topological insulators

The topological
magnetoelectric effect
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Topological Kerr and Faraday rotation

tan θK =
4αP3

√
ε1/µ1

ε2/µ2 − ε1/µ1 + 4α2P2
3

tan θF = 2αP3√
ε2/µ2 +

√
ε1/µ1

Qi and Zhang, Rev. Mod. Phys. 83, 1057 (2011) Kargarian et al, Sci. Rep. 5, 12683 (2015).
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Image magnetic monopole effect

q′′ = q (1− ε)(1 + 1/µ)− θ̃2

(1 + ε)(1 + 1/µ) + θ̃2

g ′′ = −2qθ̃
(1 + ε)(1 + 1/µ) + θ̃2

q′ = q′′ , g ′ = −g ′′

A. Martín-Ruiz, M. Cambiaso and L. F. Urrutia, Phys Rev. D 92, 125015 (2015).
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The physical origin of magnetic monopoles

Maxwell’s law ∇ · B = 0 remains unaltered due to U(1) gauge
invariance of the θ term!!!!

Zero magnetic flux at the TI !!!∫
S

B · dA = 0

Qi et al, Science 323, 1184 (2009).

A. Martín-Ruiz. ICN-UNAM Electromagnetic response of 3D TIs



Topological Insulators
Electromagnetic response of TIs

Applications
Gravitational θ term

Topological Kerr and Faraday rotation
Image magnetic monopole effect
Images magnetic charge and current densities
Casimir effect with topological insulators

The physical origin of magnetic monopoles

Maxwell’s law ∇ · B = 0 remains unaltered due to U(1) gauge
invariance of the θ term!!!!

Zero magnetic flux at the TI !!!∫
S

B · dA = 0

Qi et al, Science 323, 1184 (2009).

A. Martín-Ruiz. ICN-UNAM Electromagnetic response of 3D TIs



Topological Insulators
Electromagnetic response of TIs

Applications
Gravitational θ term

Topological Kerr and Faraday rotation
Image magnetic monopole effect
Images magnetic charge and current densities
Casimir effect with topological insulators

The physical origin of magnetic monopoles

Maxwell’s law ∇ · B = 0 remains unaltered due to U(1) gauge
invariance of the θ term!!!!

Zero magnetic flux at the TI !!!∫
S

B · dA = 0

Qi et al, Science 323, 1184 (2009).

A. Martín-Ruiz. ICN-UNAM Electromagnetic response of 3D TIs



Topological Insulators
Electromagnetic response of TIs

Applications
Gravitational θ term

Topological Kerr and Faraday rotation
Image magnetic monopole effect
Images magnetic charge and current densities
Casimir effect with topological insulators

The physical origin of magnetic monopoles

Maxwell’s law ∇ · B = 0 remains unaltered due to U(1) gauge
invariance of the θ term!!!!

Zero magnetic flux at the TI !!!∫
S

B · dA = 0

Qi et al, Science 323, 1184 (2009).

A. Martín-Ruiz. ICN-UNAM Electromagnetic response of 3D TIs



Topological Insulators
Electromagnetic response of TIs

Applications
Gravitational θ term

Topological Kerr and Faraday rotation
Image magnetic monopole effect
Images magnetic charge and current densities
Casimir effect with topological insulators

Magnetic monopoles induced by topological
surface states

Hall current
Induced current density at the surface:

J = θ̃E× n|Σ = −(q + q′′)θ̃
4π

R
(R2 + b2)3/2 êϕ

The TME with a quantized value of θ, and thus the image
monopole effect are unique signatures of TR invariant 3D TI’s.
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Images magnetic current density

I ′′ = I (1 + ε)(1/µ− 1) + θ̃2

(1 + ε)(1 + 1/µ) + θ̃2

J ′′ = 2I θ̃
(1 + ε)(1 + 1/µ) + θ̃2

I ′ = −I ′′ , J ′ = −J ′′

A. Martín-Ruiz, M. Cambiaso and L. F. Urrutia, Phys Rev. D 93, 045022 (2016).
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The physical origin of magnetic current density

Maxwell’s law ∇× E = −∂B
∂t remains unaltered due to U(1)

gauge invariance of the θ term!!!!

Zero electric flux at the TI !!!∫
S

E · dA = 0

A. Marín-Ruiz, PhD thesis (2016).
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Magnetic current induced by topological surface
states

Induced current density at the surface:

ρ = θ̃B · n|Σ = 1
2π

y θ̃I ′
y 2 + b2

Similar results are obtained for a infinitely uniformly wire!!!!
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Casimir force with TR-invariant TIs

Tunable Casimir repulsion between TR invariant 3D TIs

Ec =
∫ ∞
0

dξ
2π

∫ dp
(2π)2 log det

[
1− R1 · R2e−2k3d

]

where k3 =
√

p2 + ξ2 and the
reflexion matrix

R =
[

rs,s(iξ,p) rs,p(iξ,p)
rp,s(iξ,p) rp,p(iξ,p)

]
A. Grushin, Phys. Rev. Lett. 106, 020403 (2011).
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Casimir repulsion with 3D TIs

Requires a high TMEP value
(θ ∼ 10π) in order to shift the
minimum to observable
distances!!!

The proposal could be explored using Cr2O3, however it is
described by higher axion couplings!!!!!!

A. Grushin, Phys. Rev. Lett. 106, 020403 (2011).
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A Green’s function approach
Renormalized vacuum
stress-energy tensor:

〈T µν
θ 〉 = EL (ηµν + 4nµnν)

[uθ(χ)Hvac + uθ(1− χ)HTI ] ,

where EL = −π2/720L4 and
χ = a/L. 0!!!!!!! = !!

θ!!
Σ!
!!

!!

!!

!!!!!!

uθ(χ) = 120
π4

∫ ∞
0

θ̃2ξ3sh [ξχ] sh3 [ξ (1− χ)] sh−3 [ξ]
1 + θ̃2sh2 [ξχ] sh2 [ξ (1− χ)] sh−2 [ξ]

dξ,

A. Martín-Ruiz, M. Cambiaso and L. F. Urrutia Eur. Phys. Lett. 113, 60005 (2016).
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Casimir energy density

Energy density stored between
the plates:

Eθ(χ) =
∫ L

0
dz
〈
T 00
θ

〉
ren

The Casimir stress upon Σ is
Fθ = −dEθ/da.
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● θ = 3 π

This configurations is not feasible experimentally!!!!!!
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Force between a conducting plate and the TI

Taking L→∞ the Casimir energy density becomes

EL→∞
θ = Ea

120
π4

∫ ∞
0

ξ3
θ̃2

1 + θ̃2e−2ξ sinh2 ξ
e−3ξ sinh ξdξ ≤ Ea

θ ±7π ±15π ±23π ±31π ±39π
fθ 0.0005 0.0025 0.0060 0.0109 0.0172

Not feasible! But better than between TIs!

A. Martín-Ruiz, M. Cambiaso and L. F. Urrutia Eur. Phys. Lett. 113, 60005 (2016).
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Gravitational θ term
In the presence of a gravitational background, the
fermionic action is

S[ψ, ψ, eµa] =
∫

d4x√gψ
[
e µ

a iγa
(
∂µ −

i
2ω

ab
µ Σab

)
−m

]
ψ,

where eµa is the vielbein, ω ab
µ the spin connection, and

Σab = 1
4i [γa, γb].

Topological Superconductor

eµa can be interpreted as the internal order parame-
ter of the 3He-B phase.

Volkovik, Physica B 162, 222 (1990)
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Gravitational θ term

Integration of (gapped Majorana) fermions yields the
effective action

Sθ = − lnJ = − θ

1536π2

∫
d4xεµνρσRα

βµνR
β
αρσ,

where J is the chiral Jacobian.
TR invariance restrict θ to be 0 (trivial TSC) and π
(nontrivial TSC).
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The gravito-electromagnetic θ term

By direct analogy (incorrect!)

Sg
θ =

∫
d4xθEg · Bg (2)

where Eg and Bg are the gravitoelectric and
gravitomagnetic fields.
(First order) Maxwell-like equations!
Thermal Hall effect for a domain wall (sudden change in
θ)
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Modified field equations

Variation of the full action SEH + Sθ yields

Rµν − 1
2gµνR = Cµν ,

where

Cµν = −1
2
√
−g

[
υλε

λµαβ∇αRν
β + υλσ

∗Rσµλν + (µ↔ ν)
]

is a 4D Cotton like-tensor. Here υλ = ∂λθ and
υλσ = ∇συλ.
Different from the gravito-electromagnetic equations!
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Domain wall and linearized field equations

We first consider a (planar) domain wall (similar to the
surfaces of TIs)

θ(z) = θH(z)

The field equations at linear order become

∂2hµν = ∆θ
2 ε3αβµ

[
δ (z) ∂2 + δ′ (z) ∂3

]
∂αhνβ + (µ↔ ν)

(3)
where hµν (t, x , z) = ẽ(+)

µν h+ (t, x , z) + ẽ(×)
µν h× (t, x , z).
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GWs propagating across the θ interface

For plane GW (circularly polarized) hR/L the equations of
motion (in the TT gauge) are decoupled

(
− d2

dz2 ∓∆θω cosα d
dz δ (z) d

dz ∓

∆θω3 cos3 αδ (z)− ω2 cos2 α
)

hR/L = 0,

where α is the incidence angle.
Gravitational point interactions!
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CS term as self-adjoint extension

The additional operator is a self-adjoint extension of the
D’Alambert operator ⇒ Discontinuous metric!
Using the theory of distributions the boundary conditions
at the interface are[

hR/L (0+)
h′R/L (0+)

]
= 1

1− (ξ/2)2

[
1 + (ξ/2)2 ∓ξ/(ω cosα)
∓ξω cosα 1 + (ξ/2)2

]

×
[

hR/L (0−)
h′R/L (0−)

]
,

with ξ ≡ ∆θω2 cos2 α.
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Threshold anomaly

Using the standard ansatz

h(1)
R/L = e ikµxµ +RR/Le i k̃µxµ

, h(2)
R/L = TR/Le ikµxµ

,

we find

TR/L (ξ) = 4− ξ2
4 + ξ2

, RR/L (ξ) = ±i 4ξ
4 + ξ2

.
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Summary and Outlook

General Green’s function for several geometries/boundary
conditions of experimental interest (plane, spherical,
cylindrical) was found.
Our solutions agree with those in the literature and allow
to applications to other configurations not tackled yet.
Full gravitational (thermal) responses of TSCs.

Thank you!
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