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Hyperbolic numbers

Complex numbers : imaginary unit i such that i2 = −1.

Hyperbolic numbers : “hyperbolic” unit j such that j2 = +1.
But j 6= ±1 !
Define

D ≡ {x + jy |x , y ∈ R} (1)
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Properties

For hyperbolic numbers z1 = x1 + jy1 and z2 = x2 + jy2,

z1 ± z2 = (x1 + jy1)± (x2 + jy2) = (x1 ± x2) + j(y1 ± y2), (2)

z1z2 = (x1 + jy1) · (x2 + jy2) = (x1x2 + y1y2) + j(x1y2 + x2y1). (3)

Complex (hyperbolic) conjugation:

z = x + jy ⇒ z̄ ≡ x − jy . (4)

Modulus or norm:
|z |2 ≡ zz̄ = x2 − y2. (5)

Inverse:

z−1 ≡ z̄

|z |2
. (6)

Versors:
e jα ≡ coshα + j sinhα. (7)
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The lagrangian

Consider
L = ∂µϕ̄∂µϕ− V (ϕ, ϕ̄), (8)

with

V (ϕ, ϕ̄) = m2ϕϕ̄+
λ

2
(ϕϕ̄)2, (9)

where ϕ(x) ∈ D.
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The potential
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Negative squared mass.
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Figure: Potential with m2 < 0
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Positive squared mass.
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Spontaneous symmetry breaking.

Write ϕ = ϕ1 + jϕ2

⇒ V (ϕ1, ϕ2) = m2(ϕ2
1 − ϕ2

2) +
λ

2
(ϕ2

1 − ϕ2
2)2. (10)

Minimizing V ,

|ϕ|2min = −m2

λ
≡ K 2. (11)

Define {
ϕ1 ≡ χ1 + K ,
ϕ2 ≡ χ2.

(12)

In terms of which

V (χ1, χ2) =2m2χ2
1 +

λ

2
χ4

1 +
λ

2
χ4

2 (13)

−λχ2
1χ

2
2 + 2λKχ1(χ2

1 − χ2
2). (14)

SSB in Hyperbolic Field Theory
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Bicomplex numbers

Now define z ∈ H such that:

z = x + iy + jv + ijw , (15)

x , y , v ,w ∈ R.

z̄ ≡ x − iy − jv + ijw , (16)

|z |2 ≡ zz̄ = x2 + y2 − v2 − w2 + 2ij(xw − yv). (17)

Bicomplex phases:

e iα+jβ ≡ e iαe jβ (18)

= cosα coshβ + i sinα coshβ + j cosα sinhβ + ij sinα sinhβ.
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Restriction

Impose:
x = γw , y = γv , (19)

with γ ∈ R. (It is the only consistent way.)

Then

z = (γ + ij)w + (iγ + j)v , z̄ = (γ + ij)w − (iγ + j)v , (20)

|z |2 = (γ2 − 1)(v2 + w2) + 2ijγ(w2 − v2). (21)
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Bicomplex lagrangian

Consider

L = ∂µψ̄∂µψ − V (ψ, ψ̄), (22)

V (ψ, ψ̄) = a
m2

2
ψψ̄ +

λ

4!
(ψψ̄)2, (23)

where ψ ∈ H, a = ±1 and

m2 = m2
R + ijm2

H , (24)

λ = λR + ijλH , (25)

so the potential is “bounded”.
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Potential

We can write V = VR + ijVH ,

with

VR = a

(
γ2 − 1

2
m2

R + γm2
H

)
v2 + a

(
γ2 − 1

2
m2

R − γm2
H

)
w2

+
λR
6

[
(γ2 − 1)2

4
(v2 + w2)2 − γ2(v2 − w2)2

]
− λH

6
γ(γ2 − 1)(w4 − v4), (26)

VH = a

(
γ2 − 1

2
m2

H − γm2
R

)
v2 + a

(
γ2 − 1

2
m2

H + γm2
R

)
w2

+
λR
6
γ(γ2 − 1)(w4 − v4)

+
λH
6

[
(γ2 − 1)2

4
(v2 + w2)2 − γ2(v2 − w2)2

]
, (27)

SSB in Hyperbolic Field Theory
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Minimization (1)

The extremum condition implies

ψ = ψ̄ = 0, (28)

or

am2 +
λ

6
ψ0ψ̄0 = 0, (29)

which is equivalent to

(1− γ2)(λ2
R + λ2

H)(v2
0 + w2

0 ) = 6a(λRm
2
R + λHm

2
H), (30)

γ(λ2
R + λ2

H)(v2
0 − w2

0 ) = 3a(λRm
2
H − λHm2

R). (31)
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Minimization (2)

This is a minimum if (for example)

v2
0 =

6am2
R

(1− γ2)λR + 2γλH
, (32)

w0 = 0. (33)

⇒
m2

H

m2
R

=
(1− γ2)λH + 2γλR
(1− γ2)λR − 2γλH

. (34)

There are several cases to study.

SSB in Hyperbolic Field Theory
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γ2 6= 1, v 2
0 6= 0, w0 = 0, λR = λH ≡ λ

We have

m2
H

m2
R

=
γ2 − 2γ − 1

γ2 + 2γ − 1
, (35)

v2
0 =

6m2
R

aλ(1− γ2 − 2γ)
. (36)

Constraints on γ:
γ ∈∼ (−0.2, 0.2). (37)

SSB in Hyperbolic Field Theory
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Potential in the allowed region
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Mass generation

The quadratic terms in the potential reduce to

a

(
1− γ2

2
m2

R − γm2
H

)
v2 + a

(
1− γ2

2
m2

R + γm2
H

)
w2 (38)

+ ija

[
a

(
1− γ2

2
m2

H + γm2
R

)
v2 + a

(
1− γ2

2
m2

H − γm2
H

)
w2

]
(39)

=− ija
m2

R

2
Pv
Hv

2, (40)

where

Pv
H =

γ4 − 4γ3 − 6γ2 + 4γ + 1

γ2 + 2γ − 1
. (41)
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Conclusions

Hyperbolic model contains both SSB and UES scenarios

Insensitive to mass term sign

Bicomplex field leads to a deformation of the mexican hat
potential
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