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Hyperbolic numbers

Complex numbers : imaginary unit i such that i> = —1.
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Complex numbers : imaginary unit i such that i> = —1.
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Hyperbolic Numbers

Hyperbolic numbers

Complex numbers : imaginary unit i such that i> = —1.
Hyperbolic numbers : “hyperbolic” unit j such that j2 = +1.
But j # +1 |
Define

D= {x+jylx,y € R} (1)
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Hyperbolic Numbers

Properties

For hyperbolic numbers z; = x; + jy;1 and z = x2 + jya,

21tz =(x1+jy1) £ (e +jy2) = (xa £ x) +jlv1 £y2), (2)
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Properties

For hyperbolic numbers z; = x; + jy;1 and z = x2 + jya,

21tz =(x1+jy1) £ (e +jy2) = (xa £ x) +jlv1 £y2), (2)

2120 = (x1 +jy1) - (x2 +Jy2) = (x1x2 + y1y2) +j(xay2 + xey1). (3)
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Properties

For hyperbolic numbers z; = x; + jy;1 and z = x2 + jya,

21tz =(x1+jy1) £ (e +jy2) = (xa £ x) +jlv1 £y2), (2)

72120 = (xa +jy1) - (e +4y2) = (xixe + yay2) +j(aye +xey1). (3)
Complex (hyperbolic) conjugation:

z=x+jy = Z=x-—Jy. (4)
Modulus or norm:
|z = zz = x*> — y2. (5)
Inverse: _
1 z
= — 6
z EE (6)
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Hyperbolic Numbers

Properties

For hyperbolic numbers z; = x; + jy;1 and z = x2 + jya,

21tz =(x1+jy1) £ (e +jy2) = (xa £ x) +jlv1 £y2), (2)

72120 = (xa +jy1) - (e +4y2) = (xixe + yay2) +j(aye +xey1). (3)
Complex (hyperbolic) conjugation:

z=x+jy = Z=x-—Jy. (4)
Modulus or norm:
|z = zz = x*> — y2. (5)
Inverse: _
1 z
= — 6
i ©
Versors: '
e/ = cosha + jsinha. (7)
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Hyperbolic Ap?* model

The lagrangian

Consider
L = 0"poup — V(p, 9), (8)
with
V(p, @) = m*op + %(@@)27 (9)

where p(x) € D.
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The potential
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Hyperbolic Ap?* model

Negative squared mass.

Figure: Potential with m?> < 0
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Hyperbolic Ap?* model

Positive squared mass.

Figure: Potential with m? > 0
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Hyperbolic Ap?* model

Spontaneous symmetry breaking.

Write ¢ = 1 + jpo

= V(p1,92) = m*(p] — ¢3) +
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Hyperbolic Ap?* model

Spontaneous symmetry breaking.

Write ¢ = 1 + jpo

= V(g1 p2) = m* (¢ — ¢3) +
Minimizing V/,
|lmin = T K2, (11)
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Hyperbolic Ap?* model

Spontaneous symmetry breaking.

Write ¢ = 1 + jpo

A
= V(p1,¢2) = m* (1 — 93) + 5 (o1 — ¢3)° (10)
Minimizing V/,
2 m? 2
‘(p‘min = _T =K-. (11)
Define
{ SO].EX].—i_K) (12)
P2 = X2-
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Hyperbolic Ap?* model

Spontaneous symmetry breaking.

Write ¢ = 1 + jpo

A
= V(p1,92) = m*(o] — 93) + 5 (61 — ¢3)". (10)
Minimizing V/,
2
m
‘(p‘mm - T = K2' (11)
Define
{ SO].?X].—'_K) (12)
®2
In terms of which
22, A4, A4
V(x1,x2) =2m*x1 + >X1 + §X2 (13)
—AXIX3 + 22K x1(x] — X3)- (14)
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Bicomplex numbers

Bicomplex numbers

Now define z € H such that:

z=x4 iy +jv+ ijw, (15)
x,y,v,w € R.
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Bicomplex numbers

Now define z € H such that:

z=x4 iy +jv+ ijw, (15)
x,y,v,w € R.
Z=x—Iy —jv+ijw, (16)
12| = 2z = x> 4 y? — v2 — w? £ 2i(xw — yv). (17)
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Bicomplex numbers

Now define z € H such that:

z=x4 iy +jv+ ijw, (15)
x,y,v,w € R.
Z=x—Iy —jv+ijw, (16)
122 =2z = X2+ y? — v? — w? + 2ij(xw — yv). (17)
Bicomplex phases:
elotiB = giaglf (18)

= cos acosh B + isinacosh 3 + j cos asinh 8 4 [j sin asinh 3.
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Bicomplex numbers

Restriction

Impose:
X=qw , y=1v, (19)
with v € R. (It is the only consistent way.)
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Bicomplex numbers

Restriction

Impose:
X=qw , y=1v, (19)

with v € R. (It is the only consistent way.)
Then

Z—(7+U)W+(/7+J)v , 2=+ pw—(iv+J)v, (20)
27 = (4% = 1)(v? + w?) + 2i7(w? —v?). (21)
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Bicomplex Ayp* model

Bicomplex lagrangian

Consider
= 8“?5@@ - V(w P), (22)
V(,d) = a*l/ﬂb + = (1/11/1)

—
N
w

~
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Bicomplex Ayp* model

Bicomplex lagrangian

Consider
L = a%auw — V(¢ V), (22)
V(, ) = afw + 5 (1/11/}) (23)

where ¢ € H, a = +1 and
m® = mig + ijmi, (24)
A= Ar + ij\n, (25)

so the potential is “bounded”.
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Bicomplex Ayp* model

Potential

We can write V = Vg + ijVy,
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Bicomplex Ayp* model

Potential

We can write V = Vg + ijVy, with

N2 -
VR—a< > m,2?+'ymf4>v2—|—a< > 2 'ymH>W2
A 2 1 2
AR (v ) (v2 + Wz)z o 72(\/2 _ W2)2
6 4
A
~ 0P =Dt - v, (26)

L (VP wA)? =2V - W2)2:| ) (27)
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Bicomplex Ayp* model

Minimization (1)

The extremum condition implies

=1 =0, (28)
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Bicomplex Ayp* model

Minimization (1)

The extremum condition implies

=1 =0, (28)

or
D
am?® + 5ot =0, (29)
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Bicomplex Ayp* model

Minimization (1)

The extremum condition implies

=1 =0, (28)
or \
am2 =+ ng@Z_JO = 07 (29)

which is equivalent to

(L =) A% + AH)(V§ + wg) = 6a(Armz + Awmiy),  (30)
YR+ A% — wg) = 3a(Armi; — Aum). (31)
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Bicomplex Ayp* model

Minimization (2)

This is a minimum if (for example)

6am?

2 R
= 32
wp = 0. (33)

SSB in Hyperbolic Field Theory



Bicomplex Ayp* model

Minimization (2)

This is a minimum if (for example)

6am>
2 R
— ’ 32
0T 1=k + 27 (32)
wp = 0. (33)
2 1—~2 2
. My (1 =9%)AH +29Ar (34)
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Bicomplex Ayp* model

Minimization (2)

This is a minimum if (for example)

6am>
2 R
= , 32
Wy = 0. (33)
2 2
my (L =7) A+ 292k (34)

mp  (1=7%)Ar = 29An

There are several cases to study.
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Bicomplex Ayp* model

Y#L VA0 w=0 dpg=Iy= )
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Bicomplex Ayp* model

Y#L VA0 w=0 dpg=Iy= )

We have
my _ P =2y-1 (35)
ms 242y -1’
6 2
2 mR (36)
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Bicomplex Ayp* model

Y#L VA0 w=0 dpg=Iy= )

We have
my _ P =2y-1 (35)
ms 242y -1’
6m2
2 _ R
Vi = A= 2-29) (36)
Constraints on 7:
v €~ (—0.2,0.2). (37)

SSB in Hyperbolic Field Theory



Bicomplex Ayp* model

Potential in the allowed region
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Bicomplex Ayp* model

Mass generation

The quadratic terms in the potential reduce to

a<1_272m2R'ymf,) v2+a<1_272m%,+'ym%,> w? (38)

+ ija {a(l2y2m,2_,+7mf?> v2+a(1272m,2_,—"ymf4> W2:| (39)

—— TR, (40)
where

py I A e o C e |
H — .

41
2+2y-1 (41)
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Conclusions

@ Hyperbolic model contains both SSB and UES scenarios
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Bicomplex Ayp* model

Conclusions

@ Hyperbolic model contains both SSB and UES scenarios
@ Insensitive to mass term sign

@ Bicomplex field leads to a deformation of the mexican hat
potential
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