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low-density  
Aμ~g (perturbative) 

QS~1/RS ~ ΛQCD

RS
RShigh-density  

Aμ~1/g (non-perturbative)  

QS~1/RS ≫ΛQCD 

⇒ 𝞪S≪1 

weak coupling methods 
can be used



• Believed: heavy ion collisions at 
RHIC, LHC = collisions of two 
Color Glass Condensate 

• but what are the correct initial 
conditions?

Heavy Ion Collisions + high multiplicity events (LHC, RHIC)

Boost• HERA: gluon distribution 
grows with energy ~sλ 

• enhanced in nuclei (~A1/3)  
& high multiplicity events  

→ high gluon densities!

~ collision of two Lorentz 
contracted sheets of color



DIS & QCD

Electron-nucleus/-on scattering
I knowldege of scattering enery + nucleon mass

+ measure scattered electron control kinematics
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best explored in ep/eA collisions 
→ control kinematics
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best so far: inclusive ep@HERA 
future plans: Electron Ion Colliders 
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inclusive DIS: 2 point correlator only 
Γ(x1,x2) ~ ❬〈A(x1)A(x2)❭〉
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U , the integration over Ū then reduces to a factor of 1
and one is back at (3). (11) then leads to the contribution
of real emissions to the evolution equation

(∂Y Ẑ[U ])real=
αs

π2
Kxzy Uab

z i∇̄a
Ux

i∇b
Uy

Ẑ[U ] . (13)

Inserting virtual corrections by the requirement of real-
virtual cancellation in absence of interaction, one recov-
ers the JIMWLK evolution as stated in (4, 5). Exclusive
quantities on the other hand will depend separately on
U and Ū and require to keep both fields in Ẑ along with
more complicated evolution equations.

Since exclusive quantities are characterized by specific
restrictions on the phase space of produced gluons the
physically most transparent derivation of a corresponding
evolution equation is built on a systematic construction
of the contributing real emission amplitudes. The first
modification clearly concerns the ξ-correlator M used to
implement the phase space integrals. Diffractive disso-
ciation, which corresponds to a rapidity gap on the side
of the target, requires a factor u(k) = θ(Yk − Ygap) for
each final state gluon with momentum k . (The gap ra-
pidity Ygap is assumed to lie in the resolved range.) The
major change, however, results from the appearance of
additional diagrams that disappear in the inclusive re-
sult through complete real virtual cancellation. While
for JIMWLK it is sufficient to consider branching pro-
cesses that occur before the interaction with the Lorentz
contracted target, exclusive observables like diffractive
dissociation will receive contributions from reabsorption
and production in the final state, i.e. after the inter-
action with the target as shown in Fig.1. Reabsorption

FIG. 1: Generic diagrams for exclusive processes with final
state interactions. In the diagrams, rapidity of gluons in-
creases both vertically, in the final state, and horizontally,
with the distance of their emission vertex to the target: To
leading logarithmic accuracy, ordering in Y coincides with
ordering in z

− towards the interaction region. Consequently,
emissions into the final state after the interaction do not it-
erate: lines marked in the graph to the right are suppressed.

of a gluon after the interaction in the amplitude takes
a form similar to a virtual correction in the JIMWLK
case, but contains the soft interaction with the target,
i.e. a factor U per hard particle. Technically, the neces-
sary diagrams can be constructed by introducing a “three
time formalism” in which we distinguish z− = −∞, = 0
and = +∞ as the times at which the initial hard parti-
cles are created, the interaction takes place and the final
state is formed respectively. The transition amplitude

from z− = −∞ to +∞ is then created in two steps: we
use a shower operator to create gluons before the interac-
tion but anticipate that some of them directly reach the
final state while others will be reabsorbed after the inter-
action. In order to also generate the final state contribu-
tions with a shower operator, we introduce an auxiliary
Gaussian “noise” Ξ with the same average and correla-
tor as in (8) and (9). Furthermore we artificially split the
U factors of the interaction region into two Wilson lines
W and V † according to U = WV †. (One may think of
them as Wilson lines extending over the intervals [−∞, 0]
and [0,∞], respectively, they will disappear in the final
result.) We then obtain the full set of diagrams:
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where the sum is over the number of gluons and allowed
insertions. The dashed line through the interaction re-
gion represents the auxiliary split of the Wilson lines into
W and V † with accompanying Ξ factors. The shower op-
erators are given by
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[
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Eventually combining the above expression for the ampli-
tude with the corresponding expression for the complex
conjugate amplitude and differentiating w.r.t. Y yields
all real emission contributions to the evolution Hamil-
tonian as well as the interacting virtual ones. One still
misses virtual lines that do not cross the interaction re-
gions. These are again reconstructed on the level of the
evolution equation. We obtain the full Hamiltonian:

H = u(k)Hr + Hv + Hv̄ (16)

where the real gluonic corrections are produced by
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The remaining terms correspond to virtual corrections in
amplitude and complex conjugate amplitude respectively
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higher point correlators  
Γ(x1,x2, x3,x4) ~ ❬〈A(x1)A(x2)A(x3)A(x4)❭〉 
                   require exclusive final states

e.g. di-hadron correlations  
w.r.t. their azimuthal angle  

[F.  Dominguez,  C.  Marquet,  B.   Xiao and F. Yuan, 
Phys. Rev. D 83 , 105005 (2011).

 

[Zheng,Aschenauer, Lee, Xiao, PRD89 (2014)7, 
074037]

αs << 1αs ∼ 1 ΛQCD

know how to 
do physics here?
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Azimuthal Di-hadron correlation:  
Only on free parameter to explore  4-point correlator Γ(x1,x2, x3,x4) 

Next step: 3 hadron/jet correlation = 2 angles  
                + will see: ~ (4-point correlator )^2    
                       (di-hadron: linear only) 

formal aspects:  

• use factorization in the high 
energy limit x=Q2/s→ 0 (= the 
limit where gluon production is 
perturbatively enhanced!)  

• use background field 
formalism  
 
          Aμ→   Aμ   +    δAμ 

split gluon field into  
 
strong background field Aμ ~n-μ δ(x-) 
(classical field with high occupation #)  
 
and (perturbative) quantum correction 
δAμ

Boost

➜



Theory: Propagators in background field

with the free propagators
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with Wilson lines in fundamental (V ) and adjoint (U) represenation which read
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For a straightforward formulation in momentum space, it is useful to include e↵ective
2-point (1 ! 1) vertices which correspond to the above introduced ⌧

f

and ⌧

g

. In
combination with conventional QCD Feynman rules (where we follow the conventions
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t

of [1] as k2
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with k2

Euclidean.

2

A complete derivation requires the LSZ-reduction formula
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the real gluon interacting with the quark at the same vertex) and therefore posesses, as
far as the pole structure is concerend, the same structure as the the first contribution.
Moreover, unlike the first contribution, the vertex which leads to emission of the real
gluon, can appear at any position. Note that, since we are dealing with a real final
state quark and gluon, the time ordering of the ‘quark Wilson line’ is not a↵ected by
the emission of the real gluon. Taking into account only the color generators due to the
interaction with the background field and the vertex Eq. (24) we have for the second
contribution, the following result,
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where we restricted ourselves to the case n = 3 with the generalization to arbitrary n

apparent. After contraction with q

⇢, the factor in front of the squared bracket turns
into gn�. For the first contribution one has instead (with the incoming quark momentum
p and the outgoing quark momentum r)
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After contraction with q

⇢ and using that the out-going quark is real we have
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The last two terms cancel now against the with q

⇢ contracted Eq. (25) while the first
term is only present due to the o↵-shellness of the initial gluon and is identical to the
case where a gluon is emitted from a quark without interaction with the background
field. Hence it is supposed to be canceled by some standard mechanism.

1.2 Momentum space

Generalizing [1] to d dimensions and masses we have for the propagators
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For a straightforward formulation in momentum space, it is useful to include e↵ective
2-point (1 ! 1) vertices which correspond to the above introduced ⌧

f

and ⌧

g

. In
combination with conventional QCD Feynman rules (where we follow the conventions
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A complete derivation requires the LSZ-reduction formula
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interaction with the background field:

strong background field resummed into path ordered 
exponentials (Wilson lines)

[Balitsky, Belitsky; NPB 629 (2002) 290], [Ayala, Jalilian-Marian, McLerran, 
Venugopalan, PRD 52 (1995) 2935-2943], …

use light-cone gauge, with k-=n-･k, (n-)2=0, n-~ target momentum



loop integrals also for tree-level process

space time structure of background field can reduce # of diagrams 16 →4

aspects of the calculation

intuitive picture:  
 
background field = t-channel gluons interacting 
with the target 
→ naturally provide a loop which is factorized & 
(partially) absorbed into the projectile in the 
high energy limit

direct evaluation of Dirac-Traces using FORM, FeynCalC, FormLink 
possible, but gives lengthy result (100kB)



far more economic: spinor helicity formalism 

a popular method in modern high-energy calculation! 
 
basic idea:express numerator in terms of spinors of mass-less 
momenta with definite helicity 

and one finds (from [3])
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The case of light-cone vectors in the brackets is a bit special since they have no trans-
verse momentum. Setting their phase factor to one, we find in that case
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Further important relations are

hiji = �hjii [ij] = �[ji]

hi±|j±i = 0 hi±|i⌥i = 0. (202)

Note that for a massless four vector p

2 = 0 we have

p�= |p+ihp+|+|p�ihp�| (203)

For many more interesting relations see [3, 5]. The spinor represenetation for the po-
larization vector of a massless gauge boson of helicity ±1 reads
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with n a ‘reference’ vector – in our case the light-cone vector n;vthe second expression
can be found in [5] and/or can be easily derived using the Fierz identity (see [3]). These
vectors obey also the following completeness relation
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and one finds (from [3])
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corresponding complex conjugated integrals are identical, but with coordinates changed
to their ‘primed’ versions.
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4 Real corrections using spinor helicity methods

4.1 Basic definitions

In the following we calculate the real corrections using spinor helicity techniques. Good
references are [3, 5]. [3] uses light-cone variables to define expressions which di↵er in
their normalization from our convention. Moreover, spinor helicity methods use oftern
labels ‘+’ and ‘-’ to denote helicities. To avoid confusion we will therefore rename our
light-cone vectors as n and n̄ and further introduce a new set of ‘Dixon’ light-cone
vectors. In detail we use now for ‘our’ light-cone vectors
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which relate to ‘Dixon’ light cone vectors through
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For massless four vectors we define now
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important simplifications through
allows to express full result in terms of a few 

helicity coefficients e.g.

4

FIG. 2: We fix z1 = z2 = 0.2, |p| = |k| = |q| = 2 GeV and Q = 3 GeV. Left: Normalized cross-section against �✓q̄g with
�qg = 2⇡/3 for proton and gold up to linear and quadratic order in N

(2). Right: Combined �✓qg and �✓q̄g dependence of the
normalized cross-section for proton and gold at quadratic order.

which allows to simplify the calculation using a minimal set of helicity amplitudes
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where ✓

p

, ✓

q

, ✓

k

denote the azimuthal angle of final state momenta and |p|, |q|, |k| their transverse momenta.

In absence of experimenally constrained quadrupole
distributions we use for this first study the large N

c

and
Gaussian approximation to write the quadrupole S

(4) in
terms of the dipole S(2) [6]. Furthermore, we use a model
of the dipole profile which is motivated by a fit to the so-
lution of rcBK equation [4]
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and Q

0

is a scale proportional to the saturation scale.
Since we are working in the dilute limit we study the
cross-section at large photon virtuality Q

2 = 9 GeV2

and expand Eq. (10) up to quadratic order in N

(2) =

1 � S

(2). The free parameters are taken as ⇢ = 2.3 and
Q

proton

0

= 0.69 GeV which are motivated by inclusive
DIS fits of the dipole distribution at x = 0.2⇥ 10�3. For
the gold nucleus we use Q

Au

0

= A

1/6 · Qproton

0

= 1.67
GeV. At the linear order in N

(2), the cross-section is
directly proportional to the Fourier transform of the
dipole, �

�
(p+ k + q)2

�
and therefore gives direct ac-

cess to the gluon distribution in the target. In anal-
ogy to the back-to-back configuration in di-parton pro-
duction we take |p| = |k| = |q|. The ‘collinear’ limit
p+ k + q = 0 of vanishing transverse momentum trans-
fer between projectile and target corresponds then to the
angular configuration {�✓

qg
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} = {2⇡/3, 4⇡/3} and
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,�✓
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} = {4⇡/3, 2⇡/3}, i.e. a Mercedes-Benz star
configuration, which is characterized by strong peaks of
the angular distribution at these points. We observe van-
ishing of the partonic cross section at these ‘collinear’
configurations, Fig. 2, accompanied by a strong double

3

FIG. 1: 3-parton production diagrams. The solid thick line represents interactions with the target (shock wave). The arrows
indicate the direction of fermion charge flow. The photon momentum is incoming whereas all the final state momenta are
outgoing.

above quadrupoles are found to factorize into the prod-

uct of two dipoles, S(4)
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where  

i

0 ⌘  

i

, i = 1, . . . , 3 and z

3

= 1 � z

1

� z

2

. To obtain sub-leading terms in N
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). The super-scripts T = ± and L refer
to transverse and longitudinal polarizations of the virtual photon while h, g = ± denote quark and gluon helicity
respectively (due to helicity conservation in mass-less QCD the helicity of the anti-quark is always opposite to the
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3

FIG. 1: 3-parton production diagrams. The solid thick line represents interactions with the target (shock wave). The arrows
indicate the direction of fermion charge flow. The photon momentum is incoming whereas all the final state momenta are
outgoing.
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to transverse and longitudinal polarizations of the virtual photon while h, g = ± denote quark and gluon helicity
respectively (due to helicity conservation in mass-less QCD the helicity of the anti-quark is always opposite to the
quark helicity). To determine the wave functions  
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partons for a particular angular configuration, in the
transverse momentum region just above the satura-
tion scale. This allows us to work in the dilute limit
of CGC, but still exhibits the main features of the
saturation dynamics. We find that saturation e↵ects
reduce the magnitude of the correlation peak while
simultaneously widening it. We further stress that our
analytic expressions can be used to compute the real
contributions to the Next to Leading Order (NLO) cor-
rections [11] to inclusive di-hadron production in DIS [8].

We consider the process depicted in Fig. 1
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For di↵ractive reactions, corresponding to color singlet
exchange between the q, q̄, g state and target, all of the

full (large Nc) result in 
terms of these wave 
functions + target 

correlators



For a first numerical study:  
• Quadrupole S(4) expressed in terms of dipoles S(2)  

(Gaussian/dilute approximation)  
• Expand result in N(2)=1-S(2) up linear and quadratic order

4

FIG. 2: We fix z1 = z2 = 0.2, |p| = |k| = |q| = 2 GeV and Q = 3 GeV. Left: Normalized cross-section against �✓q̄g with
�qg = 2⇡/3 for proton and gold up to linear and quadratic order in N

(2). Right: Combined �✓qg and �✓q̄g dependence of the
normalized cross-section for proton and gold at quadratic order.

which allows to simplify the calculation using a minimal set of helicity amplitudes
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where ✓

p

, ✓

q

, ✓

k

denote the azimuthal angle of final state momenta and |p|, |q|, |k| their transverse momenta.

In absence of experimenally constrained quadrupole
distributions we use for this first study the large N

c

and
Gaussian approximation to write the quadrupole S

(4) in
terms of the dipole S(2) [6]. Furthermore, we use a model
of the dipole profile which is motivated by a fit to the so-
lution of rcBK equation [4]
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, (15)

and Q

0

is a scale proportional to the saturation scale.
Since we are working in the dilute limit we study the
cross-section at large photon virtuality Q

2 = 9 GeV2

and expand Eq. (10) up to quadratic order in N

(2) =

1 � S

(2). The free parameters are taken as ⇢ = 2.3 and
Q

proton

0

= 0.69 GeV which are motivated by inclusive
DIS fits of the dipole distribution at x = 0.2⇥ 10�3. For
the gold nucleus we use Q

Au

0

= A

1/6 · Qproton

0

= 1.67
GeV. At the linear order in N

(2), the cross-section is
directly proportional to the Fourier transform of the
dipole, �

�
(p+ k + q)2

�
and therefore gives direct ac-

cess to the gluon distribution in the target. In anal-
ogy to the back-to-back configuration in di-parton pro-
duction we take |p| = |k| = |q|. The ‘collinear’ limit
p+ k + q = 0 of vanishing transverse momentum trans-
fer between projectile and target corresponds then to the
angular configuration {�✓

qg

,�✓

q̄g

} = {2⇡/3, 4⇡/3} and
{�✓

qg

,�✓

q̄g

} = {4⇡/3, 2⇡/3}, i.e. a Mercedes-Benz star
configuration, which is characterized by strong peaks of
the angular distribution at these points. We observe van-
ishing of the partonic cross section at these ‘collinear’
configurations, Fig. 2, accompanied by a strong double

ρ=2.3 and  (Q0proton)2=0.48 GeV2 
(motivated by inclusive DIS fits at x = 0.2 10-3)  

(Q0gold)2 = A1/3 (Q0proton)2=2.77GeV2
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consider deviations from “Mercedes-Benz  
star configuration (all pT =2 GeV) 
= generalization of back-to-back configuration for 2 
partons 

(photon momentum fraction zq=zqbar= 0.2, Q=3 GeV)
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2.0

proton: very good convergence of expansion in N(2)=1-S(2)  
              (~ saturation effects weak, small saturation scale) 

gold: 
• linear order: significant broadening of peak at 4π/3 → presence of strong & coherent 

gluon field 
• quadratic order: substantial correction →sensitivity to e.g. 4-point correlator 

keep 1 angle fixed at 2 π/3                       pT2=4 GeV2, Q2=9 GeV2 


