Departamento-Fisica de Altas Energias
ICN, UNAM

Comments on the Polymer field
quantization.

Alejandro Chung

January 13, 2016



Map of ideas, Motivation and Outline

Standard Quantu
Field Theory

? ?
Loop Quantum 0 ? g
Gravity » Polymer Field Theory »

OUTLINE

- Polymer Quantum Me-
chanics (PQM): a sum-

Polymer
NO equiv alaM. Cuant, Q. Mec -Se reemplazan los modos mecanicos| mary.
usual pero se recupera g s por su version polimérica. — |ldea.
en un cierto limite. W | l b
— Weyl algebra.

— Kinematic analysis.
— Algebraic analysis.

- Polymer Field Theory
(PFT): algebraic analy-
Steps... sis.
— Symmetry group.
—— — Poly. Hilbert space.
- Algebraic construction of Polymer Field Theory. — Comparison with the
Fock representation.

- Derivation of the Hilbert space features. - Conclusions

- Symmetry Group of PFT.
- Comparison with the Standard Quantum Field Theory

Alejandro Chung | Comments on the Polymer field quantization.



Polymer Quantum Mechanics

Idea

» Polymer QM is a model that implements some of the techniques
used in LQG.

» lts peculiarity resides in choosing a Hilbert space different from
that used in the usual quantization.

» As a result there is no momentum operator and therefore a
hamiltonian-type operator is proposed in order to get a
dynamical description.

» Such a description requires insert, by hand, a length scale
parameter which in the limit of small values conduces to the
usual amplitudes of the operators, i.e., the standard
Schréedinger representation.
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Polymer Quantum Mechanics

Weyl algebra

» The Weyl algebra of the mechanical system is formed by the
elements of the form W(u, \) ~ ex (A¥=#P) with multiplication

W(,U/‘] s )\1) . W(/LQ, AZ) — e*zinﬂ((}h,)q),(,uz,)\g)) W(/l/‘] + U2, )\1 + )\2)

» The standard polarizations are

j A
2h

W(p, MW (x) = €% e W(x + ), Ve [3(R,dx)

N

Wi N W(p) = e "5 e "PU(p+ ), W e L3(R,dp)

» The Weyl generator can be decomposed as the product of the
generators of two Abelian algebras W(u, \) = e2**U(A\) V(u)

UMNV(x) = 67 W(x),  V(p)W(x)=W(x+ u)

__jHP
IR

UMNV(p) =V(p+2A), V(wV(p)=e""V(p)
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Polymer Quantum Mechanics

Kinematic Hilbert space

x-Rep. (polymer)

"TJ € L2(Rd7 dIU/C)

= Z Wy dx.x

p-Rep. (polymer)
\TJ € L2(®7 d,UBohr)

-
:Z\ije””//’
J

L
(W1®) =D 5@, @18) = jim 3 [ (p1é(pIop
UMV (x) = eV (x), U(A)\Ti(p) =W(p+2)
V() W(x) = B(x + p) V(1) ¥(p) = e "% W(p)

4
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Polymer Quantum Mechanics

Kinematic Hilbert space

There is no momentum-operator p on any of these singular
representations.

x-Rep. (polymer) p-Rep. (polymer)

The representation of generator V is not weakly continuous,
therefore, accordingly to von Neumann’s theorem it is not
equivalent(unitarily) to the Schrédinger representation.
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Polymer Quantum Mechanics

Algebraic analysis

Complex structure and algebraic state

o~ o~

wx(W(p, A)) = GIliLnOwd(W(u,)\)):éu,o, x-polarization

lim wd(W(u,)\)) = 0x0. Pp-polarization
1/d—0

S
=
=2
F
=

I
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Standard Quantization

Fourier decomposition and Poincaré invariant state

J(P)(/§07ﬂ-) = (_(_A + m2)71/27r7 (_A —+ m2)1/250)'

) ) = / Px (12 — p172),
R3

4 (et

w(W({qg, pe})) = e~ Ze 2P (@r) &(@p) = [ (
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Polymer Field Theory (PFT)

Polymer algebraic state

wwf,OO/(W({qE:pE})) = H(Sq;,o - 5{q;}~,0 - 6’%0’
K

w‘/rfpol(/m\/({Q/}'ﬂp[{})) = H(SPR.,O - 5{p;},0 - 57T,O~
K

p—polarization

Wopal(W(py1)) =600 =

~

Wo—pol(U(T)) = 1,we—pai(V(0)) = 0,0,

m—polarization

wr_pol(W(p,m)) = 60 =

~ ~

wr—pol(U(7)) = br0, wr—pa(V(p))=1.




Polymer Field Theory (PFT)

Foliation and labels of the Weyl algebra

Consider a foliation of R* given by e;. A diffeomorphism f € Diff(R*)
defines a new foliation e}, := fo &;.

p(t; X) = (15 x") = (b X) = (t(t'; X'); X(t'; X)),
.y Diall. o \/a ot ra ot o
w(t X)— o' (thX") = N WfN T w(t X)+

OX OX "
+ < o /a(i)x/a> - Vop(t X)}
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Polymer Field Theory (PFT)

Diffeomorphism acting on the labels of W

o(t; X) = Ap(0; X(At; X)) + Br(0; X(t'; X')).
7(t; X) = Cp(0; X(t'; X)) + Dw(0; X(t'; X)),
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Polymer Field Theory (PFT)

Automorphism generated by diffeomorphisms

The group Diff(R*) induces an automorphism «y in the algebra W.
The automorphism af : W — W; W(po; ) — W(¢'; ') can be

defined as
W(p';7') =
—w (2@0 + Bro; ﬁ tht, - N’aazt,a> C+ <‘2);b - N’fiﬁ) abi\] o+
[t o1 (3 et ] )

Only t' = t, X’ = X'(X) (tangential diffeomorphisms) are such that
w—pol(ar(W(po, m0))) = we—poi( W (g0, m0))

wr—pol(ar(W (0, m))) = wr—poi(W(po, m0))
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Polymer Field Theory (PFT)

Symmetry group

Symmetry group

» The subgroup DiffT(R“) of tangential diffeomorphisms preserve
the value of the algebraic states w,,_po aNd wy—poy.

» Diff" (R*) is the symmetry group of the PFT.
» The Lorentz boosts are excluded from the symmetries of the
PFT: (/) DiffR)>P>¢& (i) & c DifV(R*) c Diff(R?).
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Polymer Field Theory (PFT)

Fock representation: field polarization

wyr(U(F)) = e S IXI24m) 3 — (g U(F)w),

~

Wol (W) = [ dua(&)FoU(tWo,  H, = L3S, duc)
S

(U(F) - W)[] = e s PXE T[],

o CX& (—D+m?) 20y

dua(e’) =€ ¢,

(7lg] - V)[¢] = —i / %

0

6 ! /
[gw (A4 mP) 2g| vl
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Polymer Field Theory (PFT)

Wopo(W(H{az. Pe}) = ] 0400 = 0130 = dp0,
K
wrpl(WH{ Gz 0g}) = [0 = Otpr0 =
k

Vigar construction of PFT Hilbert space @

Reducible representation and the good’ one?

k K)
Hopo = [[Ho oy Mg poy = L2(Ra, duc),
k
E I
7-[‘11'7,00/ - H HE)JPO[}N Hp poly — L2 (R7 d,u’BOhf)-
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Gel'fand spectral theory and PFT

Polymer Field Theory (PFT) »

Select a different abelian subalgebra within the Weyl algebra denoted
by V and with generators of the form

Vy(r) = W(g,0) = e o 5o,
Apply Gel'fand spectral theory:
VSV ve V= C(X(v), XeAV), V=C(AWV))
Voe V., Her=L2(AW). dupe),  (VgW)[X] = X(Vo)WIX],

dupr is a regular Borel measure on A(V) and is given by

/A ., AP OX(Va(m) = (V) = g0

PF is thus given in the momentum polarization and 7 does not exist. J
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Polymer Field Theory (PFT)

Fock representation: momentum polarization

wyn(V(g)) = e i/ X929 — Gy V(g)wy),

Wol Vi@)¥o) = [ (e )To Vig)¥o,  Hr = LS. dnc)

(V(g) - W)[x'] = e~/ e 57 ay[7],

f[o d3)?7r’(—A+m2)*1/27r/ p

dug(n') =€ Dr',

J & 2\ — /
for —in'(=A+ mP) 12f | win].

@n- W)= [ &%
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Polymer Field Theory (PFT)

PFT and Fock vacuum

» First, the amplitude (V| V(g)\llo> in the Fock representation gives
Jo B Vo (V(9)Wo) = wyn (V(g)) = &+ o #7410,

» The same value is obtained within the momentum polarization as
W (V(g))(Wole o P2y

» The condition P := V(g) — w2 (V(g))e'Jo ?7"= "% L 0is
The condition P .= V(g) — w3 (V(g))e o 7147
only satisfied by the vacuum state W,.

How can we recover the vacuum state of the Fock representation
from the PF representation? (M. Varadarajan analysis)

D C Hpr C D*, (D*, ] - 1lp) = Hx
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Polymer Field Theory (PFT)

PFT and Fock vacuum

(QPINg) =0, — Qv]=) e 2/md-2+m)"ay [y]
g

VQ)V] € L* CD*, (L% ()p) ~ Ha

(Ve VI Ve V1) p = wyr(Vg,—g,)

We can use (L*, (-)p) to calculate amplitudes. )
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Conclusions

Conclusions

Conclusions

» PFT is a non-regular representation of the Weyl algebra of the real scalar field.
» No unitarily equivalent to the Fock-Schrédinger representation.

The symmetry group is the group formed with the tangential diffeomorphisms.
The Poincare condition picks out a unique element 2 in the dual space D*.

The abelian algebra V induces a dense set £*. This space can be completed
with the norm induced by the product (-) p. The resulting Hilbert space is
equivalent to the Fock representation in the momentum polarization.

v Yyy

» How the Boosts emerge from this construction?
» How the complement space DiffT (R*)/£ is removed in this construction?

» Which is the relation with the Loops Representation?, can PF representation be
seen as an intermediate representation between Loops Representation and the
Fock representation?
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Appendix

Appendix |

Consider the space S'()(R%) as the topological dual of S(O(R3).

I = SO®3) x SRS e (p,7),

Bloml = Fonltemli= [ dX(ro-gn)

9(1) (...5\’ N[) = QU) (ﬁ(ghf{)? F_(gz,fé)) = /]Ra da)?(ﬁ]/ g2 _ g‘l f2/)

v

PL employs F5 with £’ =, fid(X — X)), where f; € R, X; € V and Vis
a graph in R3 and recall () € &'

F(X) =) fio(X - %),
j
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Appendix

Appendix Il

The Weyl algebra generated with elements W(g, f') and multiplication
and involution given by

W(g1, 1) W(ge, ) = e (@R@ENW(g, +go.f +8),
W*(ga f/) - W(fgvffl)

Un(p) = U, Ap) =€) X (X)e(X) _ o 2 fie(%)

wp/_(U ) = 6?.,5’ HPL = LZ(A(Z/N{) d/lPL)a

V.7

where A(l1) is the Gel'fand spectrum of Z and dp.p, is a regular Borel
measure defined in the spectrum.

-,

(U(V, Hw)[X] == X[U(V, HIV[X], (1)

where X € A(f) and X[U(V, f)] := o fo P51
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Appendix

Appendix Il

(#lgl - Un)() = ( t d%'gf’) Up (). @)
0
HFock = Hr—Fock < HpL

r es un parametro introducido para LLENAR los vertex set V y
establecer un vinculo entre las holonomias puntuales y las
holonomias DESPARRAMADAS. Las holonomias DESPARRAMADAS no
estan bien definidas en Hrock Y Si en H,_rock- La relacion entre
ambos espacios de Fock es que las algebras son isomorfas pero los
espacios de Hilbert tienen distinto espacio de configuracién cuantico.
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