
The dynamical recombination 
probabilities among two mesons  

with/without tetraquark 
configurations

Workshop on QCD Challenges at the LHC, Taxco 2016

!
Based on PRC 92 065204(2015)

Genaro Toledo 
IFUNAM



Motivation 

Two non-interacting mesons  

Four-body system 

 Variational approach 

Results: 

Two mesons, tetraquark and their mixing 

Dynamical Recombination Probabilities 

Conclusions

Outline



Motivation

Multi-quark systems can have important implications in the phenomena we observe in nature, from 
an enhanced spectroscopy to quark recombination effects.	


!
Recent experimental results  provide strong evidence on the formation of four quark states.
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We study the process eþe" ! !þ!"J=c at a center-of-mass energy of 4.260 GeV using a 525 pb"1

data sample collected with the BESIII detector operating at the Beijing Electron Positron Collider. The

Born cross section is measured to be ð62:9$ 1:9$ 3:7Þ pb, consistent with the production of the Yð4260Þ.
We observe a structure at around 3:9 GeV=c2 in the !$J=c mass spectrum, which we refer to as the

Zcð3900Þ. If interpreted as a new particle, it is unusual in that it carries an electric charge and couples to

charmonium. A fit to the !$J=c invariant mass spectrum, neglecting interference, results in a mass of

ð3899:0$ 3:6$ 4:9Þ MeV=c2 and a width of ð46$ 10$ 20Þ MeV. Its production ratio is measured to be

R ¼ ð"ðeþe" ! !$Zcð3900Þ' ! !þ!"J=c Þ="ðeþe" ! !þ!"J=c ÞÞ ¼ ð21:5$ 3:3$ 7:5Þ%. In all

measurements the first errors are statistical and the second are systematic.

DOI: 10.1103/PhysRevLett.110.252001 PACS numbers: 14.40.Rt, 13.66.Bc, 14.40.Pq

Since its discovery in the initial-state-radiation (ISR)
process eþe" ! #ISR!

þ!"J=c [1], and despite its sub-
sequent observations [2–5], the nature of the Yð4260Þ state

has remained a mystery. Unlike other charmonium states
with the same quantum numbers and in the same mass
region, such as the c ð4040Þ, c ð4160Þ, and c ð4415Þ, the
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Zc(3900)

Two charged bottomoniumlike particles, dubbed
Zbð10610Þ and Zbð10650Þ, have been observed in the
π#ϒðnSÞ and π#hbðmSÞ mass spectra at the Belle experi-
ment in the decays of Υð10860Þ to πþπ−ϒðnSÞðn ¼
1; 2; 3Þ and to πþπ−hbðmPÞðm ¼ 1; 2Þ [1]. Unlike a con-
ventional meson, the two states must involve at least four
constituent quarks to produce a nonzero electric charge.
The masses of Zbð10610Þ and Zbð10650Þ are close to the
BB̄& and B&B̄& thresholds, respectively, which supports a
molecular interpretation of Zb ’s as BB̄& and B&B̄& bound
states [2]. In addition, this scenario is supported by the
subsequent observations of the decays Zbð10610Þ → BB̄&

and Zbð10650Þ → B&B̄& from the Belle experiment [3].
A number of theoretical interpretations have been

proposed to describe the nature of the Zb’s [4–7]. One
intriguing suggestion is to look for corresponding particles
in the charmonium sector [5]. As anticipated, a charged
charmoniumlike structure, Zcð3900Þ, was observed in the
π#J=ψ mass spectrum in eþe− → πþπ−J=ψ by the BESIII
experiment [8], by the Belle experiment [9], and using data
from the CLEO-c experiment [10]. More recently, BESIII
has observed another charged state in the π#hc mass
spectrum in eþe− → πþπ−hc, Zcð4020Þ [11]. The masses
of these states are slightly higher than the DD̄& and D&D̄&

mass thresholds. Therefore, a search of Zc candidates via
their direct decays into D&D̄& pairs is strongly motivated.
In this Letter, we report on a study of the process

eþe− → ðD&D̄&Þ#π∓ at a center-of-mass energy
ffiffiffi
s

p
¼

ð4.260# 0.001Þ GeV, where ðD&D̄&Þ# refers to the sum
of theD&þD̄&0 and its charge conjugateD&−D&0 final states.
In the following, we use the notation of D&þD̄&0 and the
inclusion of the charge conjugate mode is always implied,
unless explicitly stated. We use a partial reconstruction
technique to identify the D&þD̄&0π− final states. This
technique requires that only the π− from the primary decay
(denoted as the bachelor π−), the Dþ decaying from
D&þ → Dþπ0, and at least one soft π0 from D&þ →
Dþπ0 or D̄&0 → D̄0π0 decay are reconstructed. By recon-
structing the Dþ particle, the charges of its mother particle
D&þ and the bachelor π− can be unambiguously identified.
Therefore, possible combinatoric backgrounds are sup-
pressed with respect to the signals. We observe a charged
charmoniumlike structure, denoted as Zþ

c ð4025Þ, in the π−
recoil mass spectrum. The data presented in this Letter
correspond to an integrated luminosity of 827 pb−1, which
were accumulated with the BESIII detector [12] viewing
eþe− collisions at the BEPCII collider [13].
The BESIII detector is an approximately cylindrically

symmetric detector with 93% coverage of the solid angle
around the eþe− collision point. The apparatus relevant to
this work includes, from inside to outside, a 43-layer main
wire drift chamber (MDC), a time-of-flight (TOF) system
with two layers in the barrel region and one layer for each
end cap, and a 6240 cell CsI(Tl) crystal electromagnetic
calorimeter (EMC) with both barrel and end-cap sections.

The barrel components reside within a superconducting
solenoid magnet providing a 1 T magnetic field aligned
with the beam axis. The momentum resolution for charged
tracks in the MDC is 0.5% for transverse momenta of
1 GeV=c. The energy resolution for showers in the EMC is
2.5% for 1 GeV photons. For charged tracks, particle
identification is accomplished by combining the measure-
ments of the energy deposit registered in MDC, dE=dx, and
the flight time obtained from TOF to determine a proba-
bility LðhÞðh ¼ π; KÞ for each hadron (h) hypothesis.
More details about the BESIII spectrometer are described
elsewhere [12].
Simulated data produced by the GEANT4-based [14]

Monte Carlo (MC) package, which includes the geometric
description of the BESIII detector and the detector
response, is used to optimize the event selection criteria,
to determine the detection efficiency, and to estimate
backgrounds. The simulation includes the beam energy
spread and initial-state radiation (ISR) modeled with KKMC

[15]. The inclusive MC sample consists of the production
of the Yð4260Þ state and its exclusive decays, eþe− →
Dð&ÞD̄ð&ÞðπÞ, the production of ISR photons to low mass ψ
states, and QED processes. Specific decays that are
tabulated in the Particle Data Group (PDG) [16] are
modeled with EVTGEN [17] and the unknown decay modes
with LUNDCHARM [18]. For the process eþe− →
D&þD̄&0π−, ISR is included in the simulation, which
requires as input the cross section dependence on the
center-of-mass energy. For this, the observed cross sections
for the process eþe− → D&þD̄&0π− at a sequence of energy
values around 4.260 GeV at BESIII are used. The
maximum energy of the ISR photon in the simulation is
89 MeV, corresponding to a D&þD̄&0π− mass of
4.17 GeV=c2. For the resonant signal process eþe− →
Zþ
c ð4025Þπ− → D&þD̄&0π−, we assume that the Zþ

c ð4025Þ
state has spin parity of 1þ and we simulate the cascade
decays with angular distributions calculated from the
corresponding matrix element. This assumption is consis-
tent with our observation in this analysis. However, other
spin-parity assignments are not ruled out.
As discussed above, the reconstruction of the combina-

tions of the Dþ and the bachelor π− is used to identify
eþe− → D&þD̄&0π− final states. For theDþ reconstruction,
we only use the Dþ → K−πþπþ decay, because it has
dominant yields and the cleanest backgrounds compared to
other Dþ decay modes. We first select events with at least
four charged tracks. For each track, the polar angle in the
MDC must satisfy j cos θj < 0.93 and the point of closest
approach to the eþe− interaction point must be within
#10 cm in the beam direction and within 1 cm in the plane
perpendicular to the beam direction. A KðπÞ meson is
identified by requiring LðKÞ > LðπÞ (LðπÞ > LðKÞ).
Among the identified tracks, at least one K−, two πþ’s
and one π− are required in each event. For the Dþ →
K−πþπþ selection, a vertex fit is implemented that
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We study the process eþe− → ðD#D̄#Þ%π∓ at a center-of-mass energy of 4.26 GeV using a
827 pb−1 data sample obtained with the BESIII detector at the Beijing Electron Positron Collider. Based
on a partial reconstruction technique, the Born cross section is measured to be ð137% 9% 15Þ pb.
We observe a structure near the ðD#D̄#Þ% threshold in the π∓ recoil mass spectrum, which we denote as the
Z%
c ð4025Þ. The measured mass and width of the structure are ð4026.3% 2.6% 3.7Þ MeV=c2 and

ð24.8% 5.6% 7.7Þ MeV, respectively. Its production ratio σðeþe− → Z%
c ð4025Þπ∓ → ðD#D̄#Þ%π∓Þ=

σðeþe− → ðD#D̄#Þ%π∓Þ is determined to be 0.65% 0.09% 0.06. The first uncertainties are statistical
and the second are systematic.

DOI: 10.1103/PhysRevLett.112.132001 PACS numbers: 14.40.Rt, 13.25.Gv, 13.66.Bc
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Motivation

Since the early years of the quark model, theoretical studies have been performed to inquiry on the 
existence and stability of the tetraquark as an isolated object 	


!
How its mixing with a meson state can help us to understand the observed spectroscopy of states 
like the σ meson.	


!
 Less attention has been paid to the features of the tetraquark formation as two mesons are forced 
to approach each other as it could happen in a hadron-hadron collision or, when the four quarks are 
produced very close in space as in the WW decay, which eventually freeze out to two mesons.

Z. Phys. C 62, 281-309 (1994) ZEITSCHRIFT 
FOR PHYSIK C 
 9 Springer-Verlag 1994 

On colour rearrangement in hadronic 
Torbj6rn Sj6strand 1, Valery A. Khoze 2 
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2Department of Physics, University of Durham, Durham DH1 3LE, UK 
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W § W -  events 

Abstract. We discuss the possibility of colour rearrange- 
ment in e §  + W--~ql[t2q3g14 events, i.e that the 
original colour singlets ql q2 and q3 q4 may be transmuted, 
for instance, into new singlets ql q4 and q3 ci2. The effects 
on event properties could be quite large if such a re- 
arrangement would occur instantaneously, so that gluon 
emission would be restricted to each of the new singlets 
separately. We argue that such a scenario is unlikely for 
two reasons. Firstly, the W + and W -  usually decay at 
separate times after the W + W -  production, which leads 
to large relative phases for energetic radiation off the two 
constituents of a rearranged system, and a corresponding 
dampening of the QCD cascades. Secondly, within the 
perturbative scenario the colour transmutation appears 
only in order eft and is colour-suppressed. Colour recon- 
nection at longer time scales is quite feasible, however, and 
may affect the fragmentation phase. If so, the nature of 
non-perturbative QCD can be probed in a new way. We 
formulate several alternative toy models and use these to 
estimate the colour reconnection probability as a function 
of the event kinematics. Possible consequences for LEP 
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Motivation

Can they turn into a tetraquark or mixed state?	

!

 How their properties reflect such modification?	

!

In the present work we address these questions by 
considering a system composed of:	

 two identical quarks (qq) and	

 two identical anti-quarks  (QQ)



Two Non-interacting Mesons
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posed of a quark and an antiquark of mass m1 and
m2 respectively. The strong interaction between this
pair can be represented by an e↵ective linear potential
V [~r1,~r2] = k |~r1 � ~r2| = kr where k is an interaction
constant and r = |~r1 � ~r2| is the relative distance be-
tween them.

A. Exact solution

For a three-dimensional space, one can analytically
solve the corresponding Schrödinger equation:


P 2
1

2m1
+

P 2
2

2m2
+ kr

�
 (~r1,~r2) = E  (~r1,~r2) . (1)

Since the potential depends only on the relative distance,
we can use the center of mass (~R) and relative distance
(~r) vectors:

~R ⌘ m1~r1 +m2~r2
m1 +m2

; ~r ⌘ ~r1 � ~r2, (2)

and the wave function can be set as:

 
⇣
~R,~r

⌘
= �(~R)⇢(~r). (3)

We can neglect the center of mass contribution and focus
in the relative distance Schrödinger equation. Consider-
ing an spherical symmetry, (l=0), the radial solution can
be set as U(r) = r⇢(r), such that the radial equation
becomes:

� 1

2µ

d2U(r)

dr2
+ krU(r) = EU(r), (4)

where µ ⌘ m1m2/(m1 +m2) is the reduced mass.
Switching to the variable

⇠ ⌘
✓
r � E

k

◆
(2µk)1/3 ; ⌘(⇠) = U(r) (5)

The Schroedinger Eqn. (4) takes the following form:

d2

d⇠2
⌘(⇠)� ⇠⌘(⇠) = 0, (6)

whose general solution is a linear combination of the Airy
functions Ai(⇠) and Bi(⇠). The second function is not
considered as it has a bad behavior at large distances
(⇠ ! 1, limAi(⇠) = 0 and limBi(⇠) = 1). Thus, the
solution is:

⌘(⇠) = Ai(⇠) (7)

Using the boundary condition at the origin U(0) = 0,
requires

⌘

✓
�E

k
(2µk)1/3

◆
= 0 (8)

corresponding to the zeros of the Airy function, ⇠
n

, which
then define the eigen-energies E

n

E
n

=


k2

2µ

�1/3
|⇠

n

| (9)

and eigen-functions:

⇢
n

(r) =
1

r
Ai

⇣
r [2µk]1/3 � ⇠

n

⌘
. (10)

The ground state corresponds to the first zero of the
Airy function, with energy E0 = 2.3381, in m1 = m2 =
m = k = 1 units.

B. Meson variational wave function

Previous studies have explored how to approach a vari-
ational wave function that can account for this energy
[7, 8, 18]. Here, we describe, in similar fashion, a fam-
ily of 3-D variational wave functions that approach this
value and find analytical expressions for the expected
variational parameter, energy and mean square radius.
The general variational wave function takes the follow-
ing form:

F
�,b

(r) = Ae��r

b

, (11)

where A is a normalization term, b and � are variational
parameters and r is the relative coordinate of the two-
body system. We have found that using b = 1.74716 and
�0 = 0.350132, the wave function reproduces the exact
minimum energy value within a 1% error. Based on this
analysis, for our description of the evolution of the system
as a function of density, we fix the variational parameter
b to b = 3/2 (introducing only a 3% error on the energy
in the zero density limit case) and leave the � parameter
as the only free parameter. Then, the normalized meson
variational wave function becomes:

F
�

(r) =

r
3�2

2⇡
e��r

3/2

. (12)

Analytical results can be obtained for the properties of
the meson for this form of the variational wave function.
The value of � minimizing the energy is:

�0 =
2
p
kµ

3
, (13)

corresponding to an energy of

E0 =
35/3k�

�
8
3

�

27/3(kµ)1/3
. (14)

The mean square radius for the meson can be obtained
following the general definition:
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be set as U(r) = r⇢(r), such that the radial equation
becomes:
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dr2
+ krU(r) = EU(r), (4)

where µ ⌘ m1m2/(m1 +m2) is the reduced mass.
Switching to the variable
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The Schroedinger Eqn. (4) takes the following form:
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⌘(⇠)� ⇠⌘(⇠) = 0, (6)

whose general solution is a linear combination of the Airy
functions Ai(⇠) and Bi(⇠). The second function is not
considered as it has a bad behavior at large distances
(⇠ ! 1, limAi(⇠) = 0 and limBi(⇠) = 1). Thus, the
solution is:

⌘(⇠) = Ai(⇠) (7)

Using the boundary condition at the origin U(0) = 0,
requires
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corresponding to the zeros of the Airy function, ⇠
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then define the eigen-energies E
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The ground state corresponds to the first zero of the
Airy function, with energy E0 = 2.3381, in m1 = m2 =
m = k = 1 units.

B. Meson variational wave function

Previous studies have explored how to approach a vari-
ational wave function that can account for this energy
[7, 8, 18]. Here, we describe, in similar fashion, a fam-
ily of 3-D variational wave functions that approach this
value and find analytical expressions for the expected
variational parameter, energy and mean square radius.
The general variational wave function takes the follow-
ing form:

F
�,b

(r) = Ae��r

b

, (11)

where A is a normalization term, b and � are variational
parameters and r is the relative coordinate of the two-
body system. We have found that using b = 1.74716 and
�0 = 0.350132, the wave function reproduces the exact
minimum energy value within a 1% error. Based on this
analysis, for our description of the evolution of the system
as a function of density, we fix the variational parameter
b to b = 3/2 (introducing only a 3% error on the energy
in the zero density limit case) and leave the � parameter
as the only free parameter. Then, the normalized meson
variational wave function becomes:

F
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(r) =
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2⇡
e��r
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. (12)

Analytical results can be obtained for the properties of
the meson for this form of the variational wave function.
The value of � minimizing the energy is:
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2
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corresponding to an energy of
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The mean square radius for the meson can be obtained
following the general definition:
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where the subindex 0 is used to denote the isolated
case. We can extend this analysis for quarks of di↵erent
masses, in particular considering the constituent masses
of the d, s, c and b quarks, we set the ratio of their masses
respect to the u quark mass, taken as reference [19]. In
Table I, we show the corresponding optimal variational
parameter (�0), the variational energy (E0), the exact
energy (Eexact) and the variational radius (hr2

M

i0) for
the di↵erent mass ratios. We denote u mass as m1, and
m2 corresponds to e↵ective d, s, c and b masses. These
results will be used as reference when extending to a four
body system.

III. FOUR-BODY SYSTEM

Using the previous results, we can now extend our
study to a four-body system composed of two identical
u-like quarks (qq) and two identical antiquarks (Q̄Q̄),
which can be d, s, c and b-like. To simplify the nota-
tion, we will refer to this four-body system by qQ. At
very low density, where the distance between quarks is
large, the model must reproduce a system of two isolated
mesons. In addition, as the density increases, the inter-
particle separation becomes small allowing the interac-
tion between the two mesons, which can be represented
by quark exchange or a truly four-body interaction. All
over, the Pauli blocking among identical particles must
be enforced, allowing the system to behave like a free
Fermi system at very high densities. Here, we rely on
the String-Flip Model [6, 20, 21] which has been also
used to study dense matter systems [22, 23], to describe
the dynamical transition among these regimes.

A. String-flip Potential

To model such a system, we need to capture the
properties of the strong interaction. In particular, the
strong interaction of a many-body system can be well

approached by considering that the quarks are conected
by gluon flux tubes according to a configuration produc-
ing the lowest energy state of the whole system. Let us
denote the position of the particles by ~r1 and ~r2 and the
antiparticles by ~r3 and ~r4. The way to link the four par-
ticles of the system consistent with the QCD restrictions
of color neutrality is two-fold:
i) The system is composed of two mesons. Then, using
the linear potential per pairs V (~r
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,~r
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) ⌘ k |~r
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| =
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, the total potential can be either

V
m1 = V (~r1,~r3) + V (~r2,~r4) (16)

or

V
m2 = V (~r1,~r4) + V (~r2,~r3). (17)

ii) The system is composed of a tetraquark. In this
case the link configuration is given by the steiner-tree,
which uses two auxiliary vectors to minimize the length
of the configuration, here denoted by ~k and ~l. The former
linked to the diquark sub-system and the later to the
anti-diquark one. Thus, the potential becomes

V4Q =
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) +
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) + V (~k,~l). (18)

Note that the strength of the quark-quark (antiquark-
antiquark) interaction is a half of the quark-antiquark
interaction. When all these configurations are allowed,
the potential of the system is chosen as the one producing
the minimum potential energy in a given configuration.

V = min(V
m1, Vm2, V4Q). (19)

B. Variational Wave function

Generalizing the meson result to include all the possible
configurations at di↵erent densities, we propose the fol-
lowing variational wave function, which reproduces the
two isolated mesons at very low densities, allows four-
body correlations and incorporates the Fermi correlations
as the density increases:
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where � is the single variational parameter, Q is a func-
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free Fermi system wave function given by a product of
Slater determinants, one for each color-flavor combina-
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posed of a quark and an antiquark of mass m1 and
m2 respectively. The strong interaction between this
pair can be represented by an e↵ective linear potential
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We can neglect the center of mass contribution and focus
in the relative distance Schrödinger equation. Consider-
ing an spherical symmetry, (l=0), the radial solution can
be set as U(r) = r⇢(r), such that the radial equation
becomes:
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where µ ⌘ m1m2/(m1 +m2) is the reduced mass.
Switching to the variable

⇠ ⌘
✓
r � E

k

◆
(2µk)1/3 ; ⌘(⇠) = U(r) (5)

The Schroedinger Eqn. (4) takes the following form:
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whose general solution is a linear combination of the Airy
functions Ai(⇠) and Bi(⇠). The second function is not
considered as it has a bad behavior at large distances
(⇠ ! 1, limAi(⇠) = 0 and limBi(⇠) = 1). Thus, the
solution is:
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requires
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The ground state corresponds to the first zero of the
Airy function, with energy E0 = 2.3381, in m1 = m2 =
m = k = 1 units.

B. Meson variational wave function

Previous studies have explored how to approach a vari-
ational wave function that can account for this energy
[7, 8, 18]. Here, we describe, in similar fashion, a fam-
ily of 3-D variational wave functions that approach this
value and find analytical expressions for the expected
variational parameter, energy and mean square radius.
The general variational wave function takes the follow-
ing form:

F
�,b

(r) = Ae��r
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, (11)

where A is a normalization term, b and � are variational
parameters and r is the relative coordinate of the two-
body system. We have found that using b = 1.74716 and
�0 = 0.350132, the wave function reproduces the exact
minimum energy value within a 1% error. Based on this
analysis, for our description of the evolution of the system
as a function of density, we fix the variational parameter
b to b = 3/2 (introducing only a 3% error on the energy
in the zero density limit case) and leave the � parameter
as the only free parameter. Then, the normalized meson
variational wave function becomes:
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Analytical results can be obtained for the properties of
the meson for this form of the variational wave function.
The value of � minimizing the energy is:
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E0 =
35/3k�

�
8
3

�

27/3(kµ)1/3
. (14)

The mean square radius for the meson can be obtained
following the general definition:

⌦
r2
M

↵
⌘

*
2X

i=1

⇣
~r
i

� ~R
⌘2

+
(15)

3

m2/m1 �0 E0 Eexact
⌦
r2
M

↵
0

1 0.4714 2.3472 2.33811 1.50255

1.44643 0.5125 2.2197 2.21106 1.38885

4.6131 0.6043 1.9889 1.98118 1.52605

14.0774 0.6441 1.9061 1.8987 1.73656

TABLE I: Optimal variational parameter and energy, the ex-
act energy and mean square radius for di↵erent mass ratios
respect to the lightest u mass, m1.

In the meson case with particles of mass m1 and m2, it
becomes

hr2
M

i0 =
m2

1 +m2
2

(m1 +m2)2
34/3

4
�

✓
10

3

◆
,

where the subindex 0 is used to denote the isolated
case. We can extend this analysis for quarks of di↵erent
masses, in particular considering the constituent masses
of the d, s, c and b quarks, we set the ratio of their masses
respect to the u quark mass, taken as reference [19]. In
Table I, we show the corresponding optimal variational
parameter (�0), the variational energy (E0), the exact
energy (Eexact) and the variational radius (hr2

M

i0) for
the di↵erent mass ratios. We denote u mass as m1, and
m2 corresponds to e↵ective d, s, c and b masses. These
results will be used as reference when extending to a four
body system.

III. FOUR-BODY SYSTEM

Using the previous results, we can now extend our
study to a four-body system composed of two identical
u-like quarks (qq) and two identical antiquarks (Q̄Q̄),
which can be d, s, c and b-like. To simplify the nota-
tion, we will refer to this four-body system by qQ. At
very low density, where the distance between quarks is
large, the model must reproduce a system of two isolated
mesons. In addition, as the density increases, the inter-
particle separation becomes small allowing the interac-
tion between the two mesons, which can be represented
by quark exchange or a truly four-body interaction. All
over, the Pauli blocking among identical particles must
be enforced, allowing the system to behave like a free
Fermi system at very high densities. Here, we rely on
the String-Flip Model [6, 20, 21] which has been also
used to study dense matter systems [22, 23], to describe
the dynamical transition among these regimes.

A. String-flip Potential

To model such a system, we need to capture the
properties of the strong interaction. In particular, the
strong interaction of a many-body system can be well

approached by considering that the quarks are conected
by gluon flux tubes according to a configuration produc-
ing the lowest energy state of the whole system. Let us
denote the position of the particles by ~r1 and ~r2 and the
antiparticles by ~r3 and ~r4. The way to link the four par-
ticles of the system consistent with the QCD restrictions
of color neutrality is two-fold:
i) The system is composed of two mesons. Then, using
the linear potential per pairs V (~r
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,~r
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) ⌘ k |~r
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| =
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, the total potential can be either

V
m1 = V (~r1,~r3) + V (~r2,~r4) (16)

or

V
m2 = V (~r1,~r4) + V (~r2,~r3). (17)

ii) The system is composed of a tetraquark. In this
case the link configuration is given by the steiner-tree,
which uses two auxiliary vectors to minimize the length
of the configuration, here denoted by ~k and ~l. The former
linked to the diquark sub-system and the later to the
anti-diquark one. Thus, the potential becomes

V4Q =
2X

i=1

V (~k,~r
i

) +
4X

j=3

V (~l,~r
j

) + V (~k,~l). (18)

Note that the strength of the quark-quark (antiquark-
antiquark) interaction is a half of the quark-antiquark
interaction. When all these configurations are allowed,
the potential of the system is chosen as the one producing
the minimum potential energy in a given configuration.

V = min(V
m1, Vm2, V4Q). (19)

B. Variational Wave function

Generalizing the meson result to include all the possible
configurations at di↵erent densities, we propose the fol-
lowing variational wave function, which reproduces the
two isolated mesons at very low densities, allows four-
body correlations and incorporates the Fermi correlations
as the density increases:
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where � is the single variational parameter, Q is a func-
tion driven by the many-body potential, and �

FG

is the
free Fermi system wave function given by a product of
Slater determinants, one for each color-flavor combina-
tion of quarks. For a four-body system, the Q function
takes the following form, depending on the optimal po-
tential at the given configuration, denoted by the sub-
index:
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where the subindex 0 is used to denote the isolated
case. We can extend this analysis for quarks of di↵erent
masses, in particular considering the constituent masses
of the d, s, c and b quarks, we set the ratio of their masses
respect to the u quark mass, taken as reference [19]. In
Table I, we show the corresponding optimal variational
parameter (�0), the variational energy (E0), the exact
energy (Eexact) and the variational radius (hr2

M

i0) for
the di↵erent mass ratios. We denote u mass as m1, and
m2 corresponds to e↵ective d, s, c and b masses. These
results will be used as reference when extending to a four
body system.

III. FOUR-BODY SYSTEM

Using the previous results, we can now extend our
study to a four-body system composed of two identical
u-like quarks (qq) and two identical antiquarks (Q̄Q̄),
which can be d, s, c and b-like. To simplify the nota-
tion, we will refer to this four-body system by qQ. At
very low density, where the distance between quarks is
large, the model must reproduce a system of two isolated
mesons. In addition, as the density increases, the inter-
particle separation becomes small allowing the interac-
tion between the two mesons, which can be represented
by quark exchange or a truly four-body interaction. All
over, the Pauli blocking among identical particles must
be enforced, allowing the system to behave like a free
Fermi system at very high densities. Here, we rely on
the String-Flip Model [6, 20, 21] which has been also
used to study dense matter systems [22, 23], to describe
the dynamical transition among these regimes.

A. String-flip Potential

To model such a system, we need to capture the
properties of the strong interaction. In particular, the
strong interaction of a many-body system can be well

approached by considering that the quarks are conected
by gluon flux tubes according to a configuration produc-
ing the lowest energy state of the whole system. Let us
denote the position of the particles by ~r1 and ~r2 and the
antiparticles by ~r3 and ~r4. The way to link the four par-
ticles of the system consistent with the QCD restrictions
of color neutrality is two-fold:
i) The system is composed of two mesons. Then, using
the linear potential per pairs V (~r
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, the total potential can be either
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m1 = V (~r1,~r3) + V (~r2,~r4) (16)

or

V
m2 = V (~r1,~r4) + V (~r2,~r3). (17)

ii) The system is composed of a tetraquark. In this
case the link configuration is given by the steiner-tree,
which uses two auxiliary vectors to minimize the length
of the configuration, here denoted by ~k and ~l. The former
linked to the diquark sub-system and the later to the
anti-diquark one. Thus, the potential becomes

V4Q =
2X

i=1

V (~k,~r
i

) +
4X

j=3

V (~l,~r
j

) + V (~k,~l). (18)

Note that the strength of the quark-quark (antiquark-
antiquark) interaction is a half of the quark-antiquark
interaction. When all these configurations are allowed,
the potential of the system is chosen as the one producing
the minimum potential energy in a given configuration.

V = min(V
m1, Vm2, V4Q). (19)

B. Variational Wave function

Generalizing the meson result to include all the possible
configurations at di↵erent densities, we propose the fol-
lowing variational wave function, which reproduces the
two isolated mesons at very low densities, allows four-
body correlations and incorporates the Fermi correlations
as the density increases:
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free Fermi system wave function given by a product of
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where the subindex 0 is used to denote the isolated
case. We can extend this analysis for quarks of di↵erent
masses, in particular considering the constituent masses
of the d, s, c and b quarks, we set the ratio of their masses
respect to the u quark mass, taken as reference [19]. In
Table I, we show the corresponding optimal variational
parameter (�0), the variational energy (E0), the exact
energy (Eexact) and the variational radius (hr2

M

i0) for
the di↵erent mass ratios. We denote u mass as m1, and
m2 corresponds to e↵ective d, s, c and b masses. These
results will be used as reference when extending to a four
body system.

III. FOUR-BODY SYSTEM

Using the previous results, we can now extend our
study to a four-body system composed of two identical
u-like quarks (qq) and two identical antiquarks (Q̄Q̄),
which can be d, s, c and b-like. To simplify the nota-
tion, we will refer to this four-body system by qQ. At
very low density, where the distance between quarks is
large, the model must reproduce a system of two isolated
mesons. In addition, as the density increases, the inter-
particle separation becomes small allowing the interac-
tion between the two mesons, which can be represented
by quark exchange or a truly four-body interaction. All
over, the Pauli blocking among identical particles must
be enforced, allowing the system to behave like a free
Fermi system at very high densities. Here, we rely on
the String-Flip Model [6, 20, 21] which has been also
used to study dense matter systems [22, 23], to describe
the dynamical transition among these regimes.

A. String-flip Potential

To model such a system, we need to capture the
properties of the strong interaction. In particular, the
strong interaction of a many-body system can be well

approached by considering that the quarks are conected
by gluon flux tubes according to a configuration produc-
ing the lowest energy state of the whole system. Let us
denote the position of the particles by ~r1 and ~r2 and the
antiparticles by ~r3 and ~r4. The way to link the four par-
ticles of the system consistent with the QCD restrictions
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ii) The system is composed of a tetraquark. In this
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Note that the strength of the quark-quark (antiquark-
antiquark) interaction is a half of the quark-antiquark
interaction. When all these configurations are allowed,
the potential of the system is chosen as the one producing
the minimum potential energy in a given configuration.

V = min(V
m1, Vm2, V4Q). (19)

B. Variational Wave function

Generalizing the meson result to include all the possible
configurations at di↵erent densities, we propose the fol-
lowing variational wave function, which reproduces the
two isolated mesons at very low densities, allows four-
body correlations and incorporates the Fermi correlations
as the density increases:
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where the subindex 0 is used to denote the isolated
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masses, in particular considering the constituent masses
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m2 corresponds to e↵ective d, s, c and b masses. These
results will be used as reference when extending to a four
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where the 3/2 power is the resemblance of the exact so-
lution of single pairs linked by a linear potential.

The Slater determinants are composed of single wave
functions of a particle in a cubic box of side L with Eigen-
energy
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where n
x

, n
y

, n
z

= 1, 2, ... We expect this form of the
variational wave function to be able to describe the de-
parture from the two-mesons case into the four-body
case, while including the identical particles correlations.

We can define a particle density parameter as a mea-
sure of the interparticle separation by: ⇢ = N/V = 4/L3,
where N is the number of particles of the system and V
is the box volume. For a fixed number of particles, the
change in the particle density corresponds to modify the
box size and correspondingly the inter-particle separa-
tion.

IV. ENERGY DETERMINATION

The Hamiltonian of 4 particles of momentum ~P
i

and
mass m

i

interacting through the potential V is:
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Using the above variational wave function, the expec-
tation value of the Hamiltonian can be split into three
parts, a purely free kinetic part (T

FG

), a kinetic part
driven by the interaction (W ) and the potential energy
(V ):
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and j runs over all the coordinates of the 4 particles.
This structure is useful to find the variational parameter
� that minimizes it:

@ hHi
�

@�
= 0 (28)

The free kinetic part is given by the sum of the energies
of the particles in the box as given by Eqn. (24) and is
independent of �. In order to evaluate < W >, we need
to know the particles coordinates dependence of Q. For
the meson configuration, Q is explicitly defined in terms
of them, while for the tetraquark it involves the vectors
~k and ~l whose dependence on the coordinates are not
analitically known, in this case numerical determination
is used (see Appendix).

V. RESULTS

The expectation values of W and V involves the in-
tegration over 12 variables and can be computed using
Monte Carlo techniques which, by relying in the impor-
tance sampling, turns the integrals into an evaluation of
the average of the values of the observable, in particular
we use a Metropolis algorithm for the sampling, driven
by the square of the wave function. We computed the
properties of three systems. The results we present are
organized as follows:

• Two mesons. In this case, only meson configura-
tions are allowed in the potential. We characterize
the meson properties, comparing the results with
the expected from the analytical solution in the iso-
lated limit and the departure from them as density
increases.

• Tetraquark . In this case, only tetraquark configu-
rations are allowed in the potential. We character-
ize the tetraquark properties in the isolated limit
and the departure from them as density increases.

• Mixed. In this case, all the possible configurations
are allowed in the potential. We characterize the
meson and tetraquark properties and their modifi-
cations due to the presence of the other configura-
tion.

For all the above cases we explored the mass e↵ect by
considering the two quarks to be light (u)and the anti-
quarks having variable mass to resemble the m

d,s,c,b

/m
u

ratios. Results are presented for several light-quarks to
heavy-antiquarks mass ratios whenever they are found to
be relevant.

A. Variational parameter and energy

In order to know the best approach of the variational
wave function to the exact solution, we find the optimal
value of the variational parameter that minimizes the to-
tal energy at a given density. We repeat the procedure for
a set of values of the density to know the corresponding
evolution of the variational parameter.
In Figure 1, we show the optimal values of the vari-

ational parameter of the two mesons, tetraquark and
mixed systems as a function of the density, for a ud ⌘
uud̄d̄ mass assignment. The behavior for a light-heavy
system (ub) is very similar (not shown) thus, for the sake
of clarity, we only exhibit this case. The results are nor-
malized to the exact solution in the isolated meson case
�0. We observe that they exhibit an smooth evolution
from their asymtotic value at low density decreasing to
nearly zero at high energy densities, signing the dimin-
ishing e↵ect of the interaction.
In Figure 2, we have plotted the energy of the sys-

tem (E4), normalized to the exact solution in the iso-
lated meson case (2E0) for the three cases: two mesons,
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tion.

IV. ENERGY DETERMINATION

The Hamiltonian of 4 particles of momentum ~P
i

and
mass m

i

interacting through the potential V is:

H =
4X

i=1

P 2
i

2m
i

+ V. (25)

Using the above variational wave function, the expec-
tation value of the Hamiltonian can be split into three
parts, a purely free kinetic part (T

FG

), a kinetic part
driven by the interaction (W ) and the potential energy
(V ):

hHi
�

= T
FG

+ hW i
�

+ hV i
�

, (26)

where

W =
4X

i=1

�2

2m
i

X

j

[@
j

Q]2 , (27)

and j runs over all the coordinates of the 4 particles.
This structure is useful to find the variational parameter
� that minimizes it:

@ hHi
�

@�
= 0 (28)

The free kinetic part is given by the sum of the energies
of the particles in the box as given by Eqn. (24) and is
independent of �. In order to evaluate < W >, we need
to know the particles coordinates dependence of Q. For
the meson configuration, Q is explicitly defined in terms
of them, while for the tetraquark it involves the vectors
~k and ~l whose dependence on the coordinates are not
analitically known, in this case numerical determination
is used (see Appendix).

V. RESULTS

The expectation values of W and V involves the in-
tegration over 12 variables and can be computed using
Monte Carlo techniques which, by relying in the impor-
tance sampling, turns the integrals into an evaluation of
the average of the values of the observable, in particular
we use a Metropolis algorithm for the sampling, driven
by the square of the wave function. We computed the
properties of three systems. The results we present are
organized as follows:

• Two mesons. In this case, only meson configura-
tions are allowed in the potential. We characterize
the meson properties, comparing the results with
the expected from the analytical solution in the iso-
lated limit and the departure from them as density
increases.

• Tetraquark . In this case, only tetraquark configu-
rations are allowed in the potential. We character-
ize the tetraquark properties in the isolated limit
and the departure from them as density increases.

• Mixed. In this case, all the possible configurations
are allowed in the potential. We characterize the
meson and tetraquark properties and their modifi-
cations due to the presence of the other configura-
tion.

For all the above cases we explored the mass e↵ect by
considering the two quarks to be light (u)and the anti-
quarks having variable mass to resemble the m

d,s,c,b

/m
u

ratios. Results are presented for several light-quarks to
heavy-antiquarks mass ratios whenever they are found to
be relevant.

A. Variational parameter and energy

In order to know the best approach of the variational
wave function to the exact solution, we find the optimal
value of the variational parameter that minimizes the to-
tal energy at a given density. We repeat the procedure for
a set of values of the density to know the corresponding
evolution of the variational parameter.
In Figure 1, we show the optimal values of the vari-

ational parameter of the two mesons, tetraquark and
mixed systems as a function of the density, for a ud ⌘
uud̄d̄ mass assignment. The behavior for a light-heavy
system (ub) is very similar (not shown) thus, for the sake
of clarity, we only exhibit this case. The results are nor-
malized to the exact solution in the isolated meson case
�0. We observe that they exhibit an smooth evolution
from their asymtotic value at low density decreasing to
nearly zero at high energy densities, signing the dimin-
ishing e↵ect of the interaction.
In Figure 2, we have plotted the energy of the sys-

tem (E4), normalized to the exact solution in the iso-
lated meson case (2E0) for the three cases: two mesons,
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TABLE I: Optimal variational parameter and energy, the ex-
act energy and mean square radius for di↵erent mass ratios
respect to the lightest u mass, m1.
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where the subindex 0 is used to denote the isolated
case. We can extend this analysis for quarks of di↵erent
masses, in particular considering the constituent masses
of the d, s, c and b quarks, we set the ratio of their masses
respect to the u quark mass, taken as reference [19]. In
Table I, we show the corresponding optimal variational
parameter (�0), the variational energy (E0), the exact
energy (Eexact) and the variational radius (hr2

M

i0) for
the di↵erent mass ratios. We denote u mass as m1, and
m2 corresponds to e↵ective d, s, c and b masses. These
results will be used as reference when extending to a four
body system.

III. FOUR-BODY SYSTEM

Using the previous results, we can now extend our
study to a four-body system composed of two identical
u-like quarks (qq) and two identical antiquarks (Q̄Q̄),
which can be d, s, c and b-like. To simplify the nota-
tion, we will refer to this four-body system by qQ. At
very low density, where the distance between quarks is
large, the model must reproduce a system of two isolated
mesons. In addition, as the density increases, the inter-
particle separation becomes small allowing the interac-
tion between the two mesons, which can be represented
by quark exchange or a truly four-body interaction. All
over, the Pauli blocking among identical particles must
be enforced, allowing the system to behave like a free
Fermi system at very high densities. Here, we rely on
the String-Flip Model [6, 20, 21] which has been also
used to study dense matter systems [22, 23], to describe
the dynamical transition among these regimes.

A. String-flip Potential

To model such a system, we need to capture the
properties of the strong interaction. In particular, the
strong interaction of a many-body system can be well

approached by considering that the quarks are conected
by gluon flux tubes according to a configuration produc-
ing the lowest energy state of the whole system. Let us
denote the position of the particles by ~r1 and ~r2 and the
antiparticles by ~r3 and ~r4. The way to link the four par-
ticles of the system consistent with the QCD restrictions
of color neutrality is two-fold:
i) The system is composed of two mesons. Then, using
the linear potential per pairs V (~r

i

,~r
j

) ⌘ k |~r
i

� ~r
j

| =
kr

ij

, the total potential can be either

V
m1 = V (~r1,~r3) + V (~r2,~r4) (16)

or

V
m2 = V (~r1,~r4) + V (~r2,~r3). (17)

ii) The system is composed of a tetraquark. In this
case the link configuration is given by the steiner-tree,
which uses two auxiliary vectors to minimize the length
of the configuration, here denoted by ~k and ~l. The former
linked to the diquark sub-system and the later to the
anti-diquark one. Thus, the potential becomes

V4Q =
2X

i=1

V (~k,~r
i

) +
4X

j=3

V (~l,~r
j

) + V (~k,~l). (18)

Note that the strength of the quark-quark (antiquark-
antiquark) interaction is a half of the quark-antiquark
interaction. When all these configurations are allowed,
the potential of the system is chosen as the one producing
the minimum potential energy in a given configuration.

V = min(V
m1, Vm2, V4Q). (19)

B. Variational Wave function

Generalizing the meson result to include all the possible
configurations at di↵erent densities, we propose the fol-
lowing variational wave function, which reproduces the
two isolated mesons at very low densities, allows four-
body correlations and incorporates the Fermi correlations
as the density increases:
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where � is the single variational parameter, Q is a func-
tion driven by the many-body potential, and �

FG

is the
free Fermi system wave function given by a product of
Slater determinants, one for each color-flavor combina-
tion of quarks. For a four-body system, the Q function
takes the following form, depending on the optimal po-
tential at the given configuration, denoted by the sub-
index:
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where the subindex 0 is used to denote the isolated
case. We can extend this analysis for quarks of di↵erent
masses, in particular considering the constituent masses
of the d, s, c and b quarks, we set the ratio of their masses
respect to the u quark mass, taken as reference [19]. In
Table I, we show the corresponding optimal variational
parameter (�0), the variational energy (E0), the exact
energy (Eexact) and the variational radius (hr2

M

i0) for
the di↵erent mass ratios. We denote u mass as m1, and
m2 corresponds to e↵ective d, s, c and b masses. These
results will be used as reference when extending to a four
body system.

III. FOUR-BODY SYSTEM

Using the previous results, we can now extend our
study to a four-body system composed of two identical
u-like quarks (qq) and two identical antiquarks (Q̄Q̄),
which can be d, s, c and b-like. To simplify the nota-
tion, we will refer to this four-body system by qQ. At
very low density, where the distance between quarks is
large, the model must reproduce a system of two isolated
mesons. In addition, as the density increases, the inter-
particle separation becomes small allowing the interac-
tion between the two mesons, which can be represented
by quark exchange or a truly four-body interaction. All
over, the Pauli blocking among identical particles must
be enforced, allowing the system to behave like a free
Fermi system at very high densities. Here, we rely on
the String-Flip Model [6, 20, 21] which has been also
used to study dense matter systems [22, 23], to describe
the dynamical transition among these regimes.

A. String-flip Potential

To model such a system, we need to capture the
properties of the strong interaction. In particular, the
strong interaction of a many-body system can be well

approached by considering that the quarks are conected
by gluon flux tubes according to a configuration produc-
ing the lowest energy state of the whole system. Let us
denote the position of the particles by ~r1 and ~r2 and the
antiparticles by ~r3 and ~r4. The way to link the four par-
ticles of the system consistent with the QCD restrictions
of color neutrality is two-fold:
i) The system is composed of two mesons. Then, using
the linear potential per pairs V (~r
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, the total potential can be either

V
m1 = V (~r1,~r3) + V (~r2,~r4) (16)

or

V
m2 = V (~r1,~r4) + V (~r2,~r3). (17)

ii) The system is composed of a tetraquark. In this
case the link configuration is given by the steiner-tree,
which uses two auxiliary vectors to minimize the length
of the configuration, here denoted by ~k and ~l. The former
linked to the diquark sub-system and the later to the
anti-diquark one. Thus, the potential becomes

V4Q =
2X

i=1

V (~k,~r
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) +
4X

j=3

V (~l,~r
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) + V (~k,~l). (18)

Note that the strength of the quark-quark (antiquark-
antiquark) interaction is a half of the quark-antiquark
interaction. When all these configurations are allowed,
the potential of the system is chosen as the one producing
the minimum potential energy in a given configuration.

V = min(V
m1, Vm2, V4Q). (19)

B. Variational Wave function

Generalizing the meson result to include all the possible
configurations at di↵erent densities, we propose the fol-
lowing variational wave function, which reproduces the
two isolated mesons at very low densities, allows four-
body correlations and incorporates the Fermi correlations
as the density increases:
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where � is the single variational parameter, Q is a func-
tion driven by the many-body potential, and �

FG

is the
free Fermi system wave function given by a product of
Slater determinants, one for each color-flavor combina-
tion of quarks. For a four-body system, the Q function
takes the following form, depending on the optimal po-
tential at the given configuration, denoted by the sub-
index:
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where the subindex 0 is used to denote the isolated
case. We can extend this analysis for quarks of di↵erent
masses, in particular considering the constituent masses
of the d, s, c and b quarks, we set the ratio of their masses
respect to the u quark mass, taken as reference [19]. In
Table I, we show the corresponding optimal variational
parameter (�0), the variational energy (E0), the exact
energy (Eexact) and the variational radius (hr2

M

i0) for
the di↵erent mass ratios. We denote u mass as m1, and
m2 corresponds to e↵ective d, s, c and b masses. These
results will be used as reference when extending to a four
body system.

III. FOUR-BODY SYSTEM

Using the previous results, we can now extend our
study to a four-body system composed of two identical
u-like quarks (qq) and two identical antiquarks (Q̄Q̄),
which can be d, s, c and b-like. To simplify the nota-
tion, we will refer to this four-body system by qQ. At
very low density, where the distance between quarks is
large, the model must reproduce a system of two isolated
mesons. In addition, as the density increases, the inter-
particle separation becomes small allowing the interac-
tion between the two mesons, which can be represented
by quark exchange or a truly four-body interaction. All
over, the Pauli blocking among identical particles must
be enforced, allowing the system to behave like a free
Fermi system at very high densities. Here, we rely on
the String-Flip Model [6, 20, 21] which has been also
used to study dense matter systems [22, 23], to describe
the dynamical transition among these regimes.

A. String-flip Potential

To model such a system, we need to capture the
properties of the strong interaction. In particular, the
strong interaction of a many-body system can be well

approached by considering that the quarks are conected
by gluon flux tubes according to a configuration produc-
ing the lowest energy state of the whole system. Let us
denote the position of the particles by ~r1 and ~r2 and the
antiparticles by ~r3 and ~r4. The way to link the four par-
ticles of the system consistent with the QCD restrictions
of color neutrality is two-fold:
i) The system is composed of two mesons. Then, using
the linear potential per pairs V (~r
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,~r
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) ⌘ k |~r
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� ~r
j

| =
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, the total potential can be either

V
m1 = V (~r1,~r3) + V (~r2,~r4) (16)

or

V
m2 = V (~r1,~r4) + V (~r2,~r3). (17)

ii) The system is composed of a tetraquark. In this
case the link configuration is given by the steiner-tree,
which uses two auxiliary vectors to minimize the length
of the configuration, here denoted by ~k and ~l. The former
linked to the diquark sub-system and the later to the
anti-diquark one. Thus, the potential becomes

V4Q =
2X

i=1

V (~k,~r
i

) +
4X

j=3

V (~l,~r
j

) + V (~k,~l). (18)

Note that the strength of the quark-quark (antiquark-
antiquark) interaction is a half of the quark-antiquark
interaction. When all these configurations are allowed,
the potential of the system is chosen as the one producing
the minimum potential energy in a given configuration.

V = min(V
m1, Vm2, V4Q). (19)

B. Variational Wave function

Generalizing the meson result to include all the possible
configurations at di↵erent densities, we propose the fol-
lowing variational wave function, which reproduces the
two isolated mesons at very low densities, allows four-
body correlations and incorporates the Fermi correlations
as the density increases:
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where � is the single variational parameter, Q is a func-
tion driven by the many-body potential, and �

FG

is the
free Fermi system wave function given by a product of
Slater determinants, one for each color-flavor combina-
tion of quarks. For a four-body system, the Q function
takes the following form, depending on the optimal po-
tential at the given configuration, denoted by the sub-
index:
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where the 3/2 power is the resemblance of the exact so-
lution of single pairs linked by a linear potential.

The Slater determinants are composed of single wave
functions of a particle in a cubic box of side L with Eigen-
energy

E
n

=
⇡2~2
2mL2

�
n2
x

+ n2
y

+ n2
z

�
(24)

where n
x

, n
y

, n
z

= 1, 2, ... We expect this form of the
variational wave function to be able to describe the de-
parture from the two-mesons case into the four-body
case, while including the identical particles correlations.

We can define a particle density parameter as a mea-
sure of the interparticle separation by: ⇢ = N/V = 4/L3,
where N is the number of particles of the system and V
is the box volume. For a fixed number of particles, the
change in the particle density corresponds to modify the
box size and correspondingly the inter-particle separa-
tion.

IV. ENERGY DETERMINATION

The Hamiltonian of 4 particles of momentum ~P
i

and
mass m

i

interacting through the potential V is:

H =
4X

i=1

P 2
i

2m
i

+ V. (25)

Using the above variational wave function, the expec-
tation value of the Hamiltonian can be split into three
parts, a purely free kinetic part (T

FG

), a kinetic part
driven by the interaction (W ) and the potential energy
(V ):
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and j runs over all the coordinates of the 4 particles.
This structure is useful to find the variational parameter
� that minimizes it:

@ hHi
�

@�
= 0 (28)

The free kinetic part is given by the sum of the energies
of the particles in the box as given by Eqn. (24) and is
independent of �. In order to evaluate < W >, we need
to know the particles coordinates dependence of Q. For
the meson configuration, Q is explicitly defined in terms
of them, while for the tetraquark it involves the vectors
~k and ~l whose dependence on the coordinates are not
analitically known, in this case numerical determination
is used (see Appendix).

V. RESULTS

The expectation values of W and V involves the in-
tegration over 12 variables and can be computed using
Monte Carlo techniques which, by relying in the impor-
tance sampling, turns the integrals into an evaluation of
the average of the values of the observable, in particular
we use a Metropolis algorithm for the sampling, driven
by the square of the wave function. We computed the
properties of three systems. The results we present are
organized as follows:

• Two mesons. In this case, only meson configura-
tions are allowed in the potential. We characterize
the meson properties, comparing the results with
the expected from the analytical solution in the iso-
lated limit and the departure from them as density
increases.

• Tetraquark . In this case, only tetraquark configu-
rations are allowed in the potential. We character-
ize the tetraquark properties in the isolated limit
and the departure from them as density increases.

• Mixed. In this case, all the possible configurations
are allowed in the potential. We characterize the
meson and tetraquark properties and their modifi-
cations due to the presence of the other configura-
tion.

For all the above cases we explored the mass e↵ect by
considering the two quarks to be light (u)and the anti-
quarks having variable mass to resemble the m

d,s,c,b

/m
u

ratios. Results are presented for several light-quarks to
heavy-antiquarks mass ratios whenever they are found to
be relevant.

A. Variational parameter and energy

In order to know the best approach of the variational
wave function to the exact solution, we find the optimal
value of the variational parameter that minimizes the to-
tal energy at a given density. We repeat the procedure for
a set of values of the density to know the corresponding
evolution of the variational parameter.
In Figure 1, we show the optimal values of the vari-

ational parameter of the two mesons, tetraquark and
mixed systems as a function of the density, for a ud ⌘
uud̄d̄ mass assignment. The behavior for a light-heavy
system (ub) is very similar (not shown) thus, for the sake
of clarity, we only exhibit this case. The results are nor-
malized to the exact solution in the isolated meson case
�0. We observe that they exhibit an smooth evolution
from their asymtotic value at low density decreasing to
nearly zero at high energy densities, signing the dimin-
ishing e↵ect of the interaction.
In Figure 2, we have plotted the energy of the sys-

tem (E4), normalized to the exact solution in the iso-
lated meson case (2E0) for the three cases: two mesons,
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FIG. 1: Variational parameter of the two mesons, tetraquark
and mixed systems as a function of the density, for a ud ⌘
uud̄d̄ mass assignment. They are normalized to the exact
solution in the isolated meson case �0.

FIG. 2: Energy of the two mesons, tetraquark and mixed
systems as a function of the density, normalized to the exact
solution of two isolated mesons, 2E0. The upper (lower) panel
corresponds to a ud (ub) system.

tetraquark and mixed systems, as a function of the par-
ticle density. The upper (lower) panel corresponds to a
ud (ub) system. We can observe that at low density we
reproduce the exact result for the two mesons system and
the tetraquark system energy is higher. As the density
increases, this breach closes and eventually is inverted,
signing that the tetraquark state is more likely at high
density. The mixed system turns out to be the one with
the lowest energy as it takes advantage of both possible
configurations.

m2/m1 2E0 E4Q0

⌦
r24Q

↵
0

1 4.6944 5.02 ± 0.02 13.9 ± 0.1

1.44643 4.4394 4.77 ± 0.02 13.2 ± 0.2

4.6131 3.9778 4.24 ± 0.02 12.5 ± 0.3

14.0774 3.8122 4.07 ± 0.02 13.1 ± 0.2

TABLE II: Two mesons energy, Tetraquark energy and mean
square radius for di↵erent mass ratios respect to the lightest
u mass, m1 in the zero density limit.

B. Radial distribution

Once the optimal variational wave function and energy
were charaterized, we proceed to compute a set of ob-
servables. In particular, the mean square radius (MSR)
evolution was obtained, using the optimal pairing infor-
mation. The mean square radius for the meson or the
tetraquark can be obtained following the general defini-
tion, Eqn. (15), where the sum runs over the correspond-
ing number of particles. In Figures 3 and 4, we show the
density evolution of the MSR for mesons and tetraquarks
respectively, normalized to the corresponding value in the
isolated case.

Meson MSR evolution is found to be mass ratio depen-
dent. In fact, the light-light combination (ud) decreases
faster than the light-heavy case (ub), while the depen-
dence on being in presence of possible tetraquark config-
urations is mild (solid vs. dashed line) in both cases.

The tetraquark MSR evolution exhibits a mass ratio
dependence. The light-light system (solid line) increases
in the low density regime and then rapidly decreases.
The light-heavy system (dashed line) remains almost un-
changed for a relatively large density region and slowly
decreases. For both cases we show the modification when
considering the presence of the mesons (mixed). Both
become large at low density and rapidly decrease as the
density increases, approaching the pure tetraquark re-
sult. It is very interesting to find out that during the
increase of the density, the radial distribution su↵ers not
only contractions but also expansions, which are a result
of a competition between the reduction of the interparti-
cle separation and the drop o↵ the confining potential.

In Table II, we show the tetraquark energy (E4Q0
) and

MSR (
⌦
r24Q

↵
0
) in the limit of zero density, for the di↵erent

mass ratios. Twice the meson energy (2E0) is also exhibit
as reference.

C. Correlation functions

Another very useful observable to characterize the
properties of the system is the two-particle correlation
function [24]. It measures the probability of finding two

Results

Tetraquark case. Zero density limit. Energy and 
Mean Square radius, compared to two mesons for 

several mass ratios

Two mesons interacting via quark exchange 
Tetraquark 
Mixed

We performed a MC simulation to study three cases:

We define a particle density parameter as a measure of the inter-particle separation: ρ = N/V = 4/L3          
N: number of particles, V: box volume. 

Energy evolution



Mean square radius

Meson Tetraquark

Normalized to the zero density limit
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FIG. 3: Meson mean square radius as a function of density,
normalized to the isolated case, for light-light (ud) and light-
heavy (ub) mass ratios. The solid and dashed line correspond
to the meson and mixed system respectively.

FIG. 4: Tetraquark mean square radius as a function of den-
sity, normalized to the isolated case. The solid (dashed) line
corresponds to a ud (ub) mass ratios, for the Tetraquark and
mixed systems.

particles at a relative distance r from each other:

g(r) ⌘ V

4⇡r2N2

*
NX

i<j=1

� (~r � ~r
ij

)

+
(29)

In Figures 5 and 6 we show the meson-meson correla-

FIG. 5: Meson-meson correlation function at several densities
(inner labels). Corresponding to a light-light (ud) system, for
the two mesons case.

tion function at several densities for the two-mesons and
mixed case, respectively. We exhibit the results corre-
sponding to a light-light (ud) system but a similar be-
havior is observed in the other mass ratio combinations.
The comparison between both Figures shows that there
is a modification in the meson-meson correlation function
by the presence of the tetraquark state at intermediate
densities, a bump develops in the near tail of the cor-
relation function, driven by the diquark formation (see
below), and fades out as the density increases and all the
quark correlations vanishes. This may be an alternative
observable to have indirect evidence of the tetraquark
formation. Note that at low density the separation be-
tween the two mesons approaches the result obtained by
Lenz et al [6] of 4.66 r/r

M

.
For the two meson case, the quark-quark correlation func-
tion at low density is similar to the meson-meson correla-
tion function (not plotted) as the relevant separation dis-
tance is driven by the separation between mesons, each
one containing a quark.
In Figure 7, we show the quark-quark correlation func-

tion at several densities (inner labels) for a light-light
(ud) system, when only tetraquark configurations are al-
lowed. The diquark formation at low densities is exhib-
ited and, as the density increases, the correlation drops
signing that, although the tetraquark configuration can
be identified, the quarks are no longer correlated. Note
that the diquark size is similar to the bump observed
in the meson-meson correlation function (Figure 6) when
tetraquarks are also formed. At low densities the fraction
of tetraquarks formed respect to the two mesons is small
and has no major e↵ect, it is only in the intermediate
density region where this feature becomes relevant.
In Figures 8 and 9, we show the correlation between

Two particle correlation function

Meson- Meson correlation function is modified by the tetraquark presence
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System A0 A1 A2

Quark-quark

ud 0.64 1.24 1.51

ub 1.13 1.1 1.47

Quark-all

ud 0.24 1.00 4.60

ub 0.31 0.98 3.19

TABLE III: Diquark and quark-all correlation functions pa-
rameters for ud and ub-like mass ratios.

FIG. 10: Diquark static structure factor S(q) (a) and correla-
tion function (b) in the zero density limit, for ud (solid line)
and ub (dashed line) tetraquark systems.

dynamically obtained. The short distance region shows
the competition between the Pauli blocking among the
identical particles and the attractive potential.

The static structure factor S(q) can be obtained as the
Fourier transform of the correlation function g(r). That
is

S(q) = 1 +
N

V

Z
d3r g(r) e�iq·r. (32)

In our case we consider the correlation to depend on the
magnitude of r. In Figure 10 we display the diquark
static structure factor S(q) (a) and correlation function
(b) in the limit of zero density for both ud (solid line)
and ub (dashed line) tetraquark systems.

D. Dynamical recombination

The four quark recombination can have important ef-
fects in systems where they are produced very close in
space. An example can be found in theWW ! qqQ̄Q̄ de-
cay, whose spatial separation at LEP2 energies is around
0.1 fm [16]. Although in the perturbative regime the

recombination is small, in the non-perturbative regime
the e↵ect may be important. The typical scenarios to
estimate the recombination are: Considering spherical
or elongated bags color sources and the reconnection is
proportional to the overlap of two color sources; strings
considered as vortex lines where reconnection takes place
when the core of the two string pieces cross each other
[17]. The recombination between the two mesons con-
figurations is usually implemented [16, 17]. In our case,
we would have, in addition, recombinations similar to
tetraquark states which eventually freeze out to two
mesons. Here, we characterize the modification to the
two mesons recombination induced by the presence of
the tetraquark state.
The model requires that the formed clusters must be col-
orless. The flipping from one configuration to another,
driven by the minimal potential energy restriction, is a
measure of the dynamical recombination property of the
system. We define the recombination probability for the
two mesons case by:

Pr2m =
N(V

m1 $ V
m2)

N(V
m1) +N(V

m2)
(33)

where N(V
i

! V
j

) denotes the number of flippings from
the i to the j configuration, and N(V

i

) is the number of
times the system visits the i configuration. If we consider
the tetraquark configuration as another possible configu-
ration contributing to the recombination, the probability
becomes:

Pr
mix

= [N(V
m1 $ V

m2) +N(V
m1 $ V4Q)+

N(V
m2 $ V4Q) +N(V4Q ! V4Q)] /

[N(V
m1) +N(V

m2) +N(V4Q)] (34)

In Figure 11, we show the probabilities as a function
of the density. The probability for only two mesons
recombination (Pr2m) is exhibited for the two mesons
and mixed cases (see inner labels). The probability
when tetraquarks are accounted as a recombination stage
(Pr

mix

) corresponds to the mixed case. The solid and
dashed lines are for ud and ub systems respectively.
A qualitative estimate of this e↵ect can be exhibited

considering a simple expansion model, such that we can
evolve the system along the density profile. We can define
the color strength function

⌦(x) ⌘ P
frag

(t)Pr(x) (35)

where P
frag

(t) = exp(�t2/⌧2
frag

) is the probability that
the system has not yet fragmented, with ⌧

frag

⇡ 3r
h

the
proper lifetime, taken as three times the meson radius
r
h

. [17] The recombination probability Pr(⇢) can be set
in terms of the radius of the sphere (x) corresponding to
the given density ⇢ = 3N/4⇡r3

h

x3. In Figure 12, we plot
the evolution of the color strength as a function of the
radial size of the system, in units of the meson radius.
The case when considering the tetraquark and meson re-
combination (Pr

mix

) largely modifies the estimate when
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FIG. 6: Meson-meson correlation function at several densities
(inner labels). Corresponding to a light-light (ud) system, for
the mixed case.

FIG. 7: Quark-quark correlation function at several densities
(inner labels), for a light-light (ud) system in the tetraquark
case.

a quark and all the particles regardless of the quantum
numbers, for two mesons and tetraquark systems respec-
tively. Here, we exhibit the case of the light-heavy (ub)
combination. Although the general features are similar
for other combinations the specific parameters are not.
This will be exemplified below, when discussing the zero
density limit.

In the zero density limit, the normalized tetraquark
system correlation function for the diquark (quar-quark)

FIG. 8: Correlation between a quark and all the particles
regardless of the quantum numbers. Two mesons system.

FIG. 9: Correlation between a quark and all the particles
regardless of the quantum numbers. Tetraquark system.

and tetraquark (quark-all) can be parameterized by:

g(r)
q�q

= A0r
2e�r

A2
/A

2
1 (30)

and

g(r)
q�all

= A0(1 + r/A1)e
�r

2
/A2 (31)

In Table III, we show the value of the parameters of the
diquark and quark-all correlation functions for the light-
light and light-heavy cases. Note that the dependence
on r of the diquark correlation function is close to others
suggested in the literature [25, 26] but in our case it is

A0=0.64,  A1=1.24,   A2=1.51  

The static structure factor S(q) can be obtained as the Fourier transform of the correlation function g(r)

Di-quark correlation function parametrization

Samuel H. Blitz and Richard F. Lebed, Phys. Rev. D 91 094025(2015). Pedro Bicudo and Marc Wagner, Phys. Rev. D 87, 114511 (2013).
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FIG. 11: Recombination probability as a function of the
density. The probability for only two mesons recombina-
tion (Pr2m) is exhibited for the two mesons and mixed cases
(see inner labels). The probability when tetraquarks are ac-
counted as a recombination stage (Pr

mix

) corresponds to the
mixed case. The solid and dashed lines are for ud and ub
systems respectively.

FIG. 12: Color strength due to the recombination probability
in the two mesons and mixed cases as a function of the radial
size of the system (in units of the meson radius). The solid
and dashed lines are for ud and ub systems respectively.

not tetraquark state is included (Pr2m). The flavor com-
position modifies the behavior at intermediate distances,
and the total e↵ect becomes negligible after four times
the hadron radius, corresponding to nearly the size of
the end of the overlap of two hadrons.

FIG. 13: Slope (B) of the e↵ective tetraquark linear potential
as a function of density, for the pure tetraquar system (solid
line) and meson- tetraquark mixed system (dashed line).

E. Tetraquark potential

The tetraquark potential depends on the quarks posi-
tions and two auxiliary vectors, placed in such away that
the total length linking the quarks is the shortest one.
These auxiliary vectors are modified in a non-trivial way
whenever a single quark changes its position. An e↵ec-
tive behavior of the potential can be set as linear respect

to the invariant length, R ⌘
qP

r2
ij

:

V (R) = R0 +BR (36)

where R0 is the value of the potential at zero distance,
which is expected to be modified by the short distance
coulomb-like correction [27]. In Figure 13, we show the
slope B of the linear behavior from the simulation as a
function of density for the case when only tetraquarks
are allowed to form (solid line) and when mesons and
tetraquarks are allowed to form (dashed line). The slope,
in the tetraquark case shows small dependence on the
density, and B(⇢ ⇡ 0) = 0.84 ± 0.02. In the mixed case
there is a significant density dependence, starting below
the corresponding value at zero density (B(⇢ ⇡ 0) =
0.67 ± 0.02) and as the density increases they approach
to each other. This behavior is similar when considering
di↵erent flavor systems.
In Figure 14, we show the e↵ective four-body contact

potential, V4(contact), as a function of density, deter-
mined as the average potential irrespective of the length
linking the particles. The pure tetraquar system (solid
and dashed lines for ub and ud flavors respectively) ex-
hibit a dependence on the mass ratio in the low energy
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not tetraquark state is included (Pr2m). The flavor com-
position modifies the behavior at intermediate distances,
and the total e↵ect becomes negligible after four times
the hadron radius, corresponding to nearly the size of
the end of the overlap of two hadrons.

FIG. 13: Slope (B) of the e↵ective tetraquark linear potential
as a function of density, for the pure tetraquar system (solid
line) and meson- tetraquark mixed system (dashed line).

E. Tetraquark potential

The tetraquark potential depends on the quarks posi-
tions and two auxiliary vectors, placed in such away that
the total length linking the quarks is the shortest one.
These auxiliary vectors are modified in a non-trivial way
whenever a single quark changes its position. An e↵ec-
tive behavior of the potential can be set as linear respect

to the invariant length, R ⌘
qP

r2
ij

:

V (R) = R0 +BR (36)

where R0 is the value of the potential at zero distance,
which is expected to be modified by the short distance
coulomb-like correction [27]. In Figure 13, we show the
slope B of the linear behavior from the simulation as a
function of density for the case when only tetraquarks
are allowed to form (solid line) and when mesons and
tetraquarks are allowed to form (dashed line). The slope,
in the tetraquark case shows small dependence on the
density, and B(⇢ ⇡ 0) = 0.84 ± 0.02. In the mixed case
there is a significant density dependence, starting below
the corresponding value at zero density (B(⇢ ⇡ 0) =
0.67 ± 0.02) and as the density increases they approach
to each other. This behavior is similar when considering
di↵erent flavor systems.
In Figure 14, we show the e↵ective four-body contact

potential, V4(contact), as a function of density, deter-
mined as the average potential irrespective of the length
linking the particles. The pure tetraquar system (solid
and dashed lines for ub and ud flavors respectively) ex-
hibit a dependence on the mass ratio in the low energy

Tetraquark Potential

Linear behaviour Effective Contact



Recombination 
effective scenarios

Scenario I: Spherical Volumes	


The probability for a reconnection to occur is taken to be proportional to the overlap of the spherical 
colour sources	

!

G. Abbiendi et al, (The OPAL Collaboration), Eur. Phys. J. C. 45 307(2006).	


T. Sjostrand and V. A. Khoze, Z. Phys.C 62 281(1994); Phys. Rev. Lett. 72 28(1994).

Scenario II: Elongated bags	


The recoupling probability is taken to be proportional to the integrated overlap between cylinders.	

!
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System A0 A1 A2

Quark-quark

ud 0.64 1.24 1.51

ub 1.13 1.1 1.47

Quark-all

ud 0.24 1.00 4.60

ub 0.31 0.98 3.19

TABLE III: Diquark and quark-all correlation functions pa-
rameters for ud and ub-like mass ratios.

FIG. 10: Diquark static structure factor S(q) (a) and correla-
tion function (b) in the zero density limit, for ud (solid line)
and ub (dashed line) tetraquark systems.

dynamically obtained. The short distance region shows
the competition between the Pauli blocking among the
identical particles and the attractive potential.

The static structure factor S(q) can be obtained as the
Fourier transform of the correlation function g(r). That
is

S(q) = 1 +
N

V

Z
d3r g(r) e�iq·r. (32)

In our case we consider the correlation to depend on the
magnitude of r. In Figure 10 we display the diquark
static structure factor S(q) (a) and correlation function
(b) in the limit of zero density for both ud (solid line)
and ub (dashed line) tetraquark systems.

D. Dynamical recombination

The four quark recombination can have important ef-
fects in systems where they are produced very close in
space. An example can be found in theWW ! qqQ̄Q̄ de-
cay, whose spatial separation at LEP2 energies is around
0.1 fm [16]. Although in the perturbative regime the

recombination is small, in the non-perturbative regime
the e↵ect may be important. The typical scenarios to
estimate the recombination are: Considering spherical
or elongated bags color sources and the reconnection is
proportional to the overlap of two color sources; strings
considered as vortex lines where reconnection takes place
when the core of the two string pieces cross each other
[17]. The recombination between the two mesons con-
figurations is usually implemented [16, 17]. In our case,
we would have, in addition, recombinations similar to
tetraquark states which eventually freeze out to two
mesons. Here, we characterize the modification to the
two mesons recombination induced by the presence of
the tetraquark state.
The model requires that the formed clusters must be col-
orless. The flipping from one configuration to another,
driven by the minimal potential energy restriction, is a
measure of the dynamical recombination property of the
system. We define the recombination probability for the
two mesons case by:

Pr2m =
N(V

m1 $ V
m2)

N(V
m1) +N(V

m2)
(33)

where N(V
i

! V
j

) denotes the number of flippings from
the i to the j configuration, and N(V

i

) is the number of
times the system visits the i configuration. If we consider
the tetraquark configuration as another possible configu-
ration contributing to the recombination, the probability
becomes:

Pr
mix

= [N(V
m1 $ V

m2) +N(V
m1 $ V4Q)+

N(V
m2 $ V4Q) +N(V4Q ! V4Q)] /

[N(V
m1) +N(V

m2) +N(V4Q)] (34)

In Figure 11, we show the probabilities as a function
of the density. The probability for only two mesons
recombination (Pr2m) is exhibited for the two mesons
and mixed cases (see inner labels). The probability
when tetraquarks are accounted as a recombination stage
(Pr

mix

) corresponds to the mixed case. The solid and
dashed lines are for ud and ub systems respectively.
A qualitative estimate of this e↵ect can be exhibited

considering a simple expansion model, such that we can
evolve the system along the density profile. We can define
the color strength function

⌦(x) ⌘ P
frag

(t)Pr(x) (35)

where P
frag

(t) = exp(�t2/⌧2
frag

) is the probability that
the system has not yet fragmented, with ⌧

frag

⇡ 3r
h

the
proper lifetime, taken as three times the meson radius
r
h

. [17] The recombination probability Pr(⇢) can be set
in terms of the radius of the sphere (x) corresponding to
the given density ⇢ = 3N/4⇡r3

h

x3. In Figure 12, we plot
the evolution of the color strength as a function of the
radial size of the system, in units of the meson radius.
The case when considering the tetraquark and meson re-
combination (Pr

mix

) largely modifies the estimate when
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System A0 A1 A2

Quark-quark

ud 0.64 1.24 1.51

ub 1.13 1.1 1.47

Quark-all

ud 0.24 1.00 4.60

ub 0.31 0.98 3.19

TABLE III: Diquark and quark-all correlation functions pa-
rameters for ud and ub-like mass ratios.

FIG. 10: Diquark static structure factor S(q) (a) and correla-
tion function (b) in the zero density limit, for ud (solid line)
and ub (dashed line) tetraquark systems.

dynamically obtained. The short distance region shows
the competition between the Pauli blocking among the
identical particles and the attractive potential.

The static structure factor S(q) can be obtained as the
Fourier transform of the correlation function g(r). That
is

S(q) = 1 +
N

V

Z
d3r g(r) e�iq·r. (32)

In our case we consider the correlation to depend on the
magnitude of r. In Figure 10 we display the diquark
static structure factor S(q) (a) and correlation function
(b) in the limit of zero density for both ud (solid line)
and ub (dashed line) tetraquark systems.

D. Dynamical recombination

The four quark recombination can have important ef-
fects in systems where they are produced very close in
space. An example can be found in theWW ! qqQ̄Q̄ de-
cay, whose spatial separation at LEP2 energies is around
0.1 fm [16]. Although in the perturbative regime the

recombination is small, in the non-perturbative regime
the e↵ect may be important. The typical scenarios to
estimate the recombination are: Considering spherical
or elongated bags color sources and the reconnection is
proportional to the overlap of two color sources; strings
considered as vortex lines where reconnection takes place
when the core of the two string pieces cross each other
[17]. The recombination between the two mesons con-
figurations is usually implemented [16, 17]. In our case,
we would have, in addition, recombinations similar to
tetraquark states which eventually freeze out to two
mesons. Here, we characterize the modification to the
two mesons recombination induced by the presence of
the tetraquark state.
The model requires that the formed clusters must be col-
orless. The flipping from one configuration to another,
driven by the minimal potential energy restriction, is a
measure of the dynamical recombination property of the
system. We define the recombination probability for the
two mesons case by:

Pr2m =
N(V

m1 $ V
m2)

N(V
m1) +N(V

m2)
(33)

where N(V
i

! V
j

) denotes the number of flippings from
the i to the j configuration, and N(V

i

) is the number of
times the system visits the i configuration. If we consider
the tetraquark configuration as another possible configu-
ration contributing to the recombination, the probability
becomes:

Pr
mix

= [N(V
m1 $ V

m2) +N(V
m1 $ V4Q)+

N(V
m2 $ V4Q) +N(V4Q ! V4Q)] /

[N(V
m1) +N(V

m2) +N(V4Q)] (34)

In Figure 11, we show the probabilities as a function
of the density. The probability for only two mesons
recombination (Pr2m) is exhibited for the two mesons
and mixed cases (see inner labels). The probability
when tetraquarks are accounted as a recombination stage
(Pr

mix

) corresponds to the mixed case. The solid and
dashed lines are for ud and ub systems respectively.
A qualitative estimate of this e↵ect can be exhibited

considering a simple expansion model, such that we can
evolve the system along the density profile. We can define
the color strength function

⌦(x) ⌘ P
frag

(t)Pr(x) (35)

where P
frag

(t) = exp(�t2/⌧2
frag

) is the probability that
the system has not yet fragmented, with ⌧

frag

⇡ 3r
h

the
proper lifetime, taken as three times the meson radius
r
h

. [17] The recombination probability Pr(⇢) can be set
in terms of the radius of the sphere (x) corresponding to
the given density ⇢ = 3N/4⇡r3

h

x3. In Figure 12, we plot
the evolution of the color strength as a function of the
radial size of the system, in units of the meson radius.
The case when considering the tetraquark and meson re-
combination (Pr

mix

) largely modifies the estimate when

Dynamical recombination

Scenario A. We define the recombination probability for the two mesons case by

where N(Vi → Vj) denotes the number of flippings from the i to the j configuration, 	


and N(Vi) is the number of times the system visits the i configuration.

Scenario B. If we consider the tetraquark configuration as another possible 
configuration contributing to the recombination, the probability becomes:

G. Abbiendi et al, (The OPAL Collaboration), Eur. Phys. J. C. 45 307(2006).	


T. Sjostrand and V. A. Khoze, Z. Phys.C 62 281(1994); Phys. Rev. Lett. 72 28(1994).
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dynamically obtained. The short distance region shows
the competition between the Pauli blocking among the
identical particles and the attractive potential.

The static structure factor S(q) can be obtained as the
Fourier transform of the correlation function g(r). That
is

S(q) = 1 +
N

V

Z
d3r g(r) e�iq·r. (32)

In our case we consider the correlation to depend on the
magnitude of r. In Figure 10 we display the diquark
static structure factor S(q) (a) and correlation function
(b) in the limit of zero density for both ud (solid line)
and ub (dashed line) tetraquark systems.

D. Dynamical recombination

The four quark recombination can have important ef-
fects in systems where they are produced very close in
space. An example can be found in theWW ! qqQ̄Q̄ de-
cay, whose spatial separation at LEP2 energies is around
0.1 fm [16]. Although in the perturbative regime the

recombination is small, in the non-perturbative regime
the e↵ect may be important. The typical scenarios to
estimate the recombination are: Considering spherical
or elongated bags color sources and the reconnection is
proportional to the overlap of two color sources; strings
considered as vortex lines where reconnection takes place
when the core of the two string pieces cross each other
[17]. The recombination between the two mesons con-
figurations is usually implemented [16, 17]. In our case,
we would have, in addition, recombinations similar to
tetraquark states which eventually freeze out to two
mesons. Here, we characterize the modification to the
two mesons recombination induced by the presence of
the tetraquark state.
The model requires that the formed clusters must be col-
orless. The flipping from one configuration to another,
driven by the minimal potential energy restriction, is a
measure of the dynamical recombination property of the
system. We define the recombination probability for the
two mesons case by:

Pr2m =
N(V

m1 $ V
m2)

N(V
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where N(V
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) denotes the number of flippings from
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) is the number of
times the system visits the i configuration. If we consider
the tetraquark configuration as another possible configu-
ration contributing to the recombination, the probability
becomes:
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N(V
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In Figure 11, we show the probabilities as a function
of the density. The probability for only two mesons
recombination (Pr2m) is exhibited for the two mesons
and mixed cases (see inner labels). The probability
when tetraquarks are accounted as a recombination stage
(Pr

mix

) corresponds to the mixed case. The solid and
dashed lines are for ud and ub systems respectively.
A qualitative estimate of this e↵ect can be exhibited

considering a simple expansion model, such that we can
evolve the system along the density profile. We can define
the color strength function

⌦(x) ⌘ P
frag

(t)Pr(x) (35)

where P
frag

(t) = exp(�t2/⌧2
frag

) is the probability that
the system has not yet fragmented, with ⌧

frag
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the
proper lifetime, taken as three times the meson radius
r
h

. [17] The recombination probability Pr(⇢) can be set
in terms of the radius of the sphere (x) corresponding to
the given density ⇢ = 3N/4⇡r3

h

x3. In Figure 12, we plot
the evolution of the color strength as a function of the
radial size of the system, in units of the meson radius.
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combination (Pr
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dynamically obtained. The short distance region shows
the competition between the Pauli blocking among the
identical particles and the attractive potential.

The static structure factor S(q) can be obtained as the
Fourier transform of the correlation function g(r). That
is

S(q) = 1 +
N

V

Z
d3r g(r) e�iq·r. (32)

In our case we consider the correlation to depend on the
magnitude of r. In Figure 10 we display the diquark
static structure factor S(q) (a) and correlation function
(b) in the limit of zero density for both ud (solid line)
and ub (dashed line) tetraquark systems.

D. Dynamical recombination

The four quark recombination can have important ef-
fects in systems where they are produced very close in
space. An example can be found in theWW ! qqQ̄Q̄ de-
cay, whose spatial separation at LEP2 energies is around
0.1 fm [16]. Although in the perturbative regime the

recombination is small, in the non-perturbative regime
the e↵ect may be important. The typical scenarios to
estimate the recombination are: Considering spherical
or elongated bags color sources and the reconnection is
proportional to the overlap of two color sources; strings
considered as vortex lines where reconnection takes place
when the core of the two string pieces cross each other
[17]. The recombination between the two mesons con-
figurations is usually implemented [16, 17]. In our case,
we would have, in addition, recombinations similar to
tetraquark states which eventually freeze out to two
mesons. Here, we characterize the modification to the
two mesons recombination induced by the presence of
the tetraquark state.
The model requires that the formed clusters must be col-
orless. The flipping from one configuration to another,
driven by the minimal potential energy restriction, is a
measure of the dynamical recombination property of the
system. We define the recombination probability for the
two mesons case by:

Pr2m =
N(V

m1 $ V
m2)

N(V
m1) +N(V

m2)
(33)

where N(V
i

! V
j

) denotes the number of flippings from
the i to the j configuration, and N(V

i

) is the number of
times the system visits the i configuration. If we consider
the tetraquark configuration as another possible configu-
ration contributing to the recombination, the probability
becomes:

Pr
mix

= [N(V
m1 $ V

m2) +N(V
m1 $ V4Q)+

N(V
m2 $ V4Q) +N(V4Q ! V4Q)] /

[N(V
m1) +N(V

m2) +N(V4Q)] (34)

In Figure 11, we show the probabilities as a function
of the density. The probability for only two mesons
recombination (Pr2m) is exhibited for the two mesons
and mixed cases (see inner labels). The probability
when tetraquarks are accounted as a recombination stage
(Pr

mix

) corresponds to the mixed case. The solid and
dashed lines are for ud and ub systems respectively.
A qualitative estimate of this e↵ect can be exhibited

considering a simple expansion model, such that we can
evolve the system along the density profile. We can define
the color strength function

⌦(x) ⌘ P
frag

(t)Pr(x) (35)

where P
frag

(t) = exp(�t2/⌧2
frag

) is the probability that
the system has not yet fragmented, with ⌧

frag

⇡ 3r
h

the
proper lifetime, taken as three times the meson radius
r
h

. [17] The recombination probability Pr(⇢) can be set
in terms of the radius of the sphere (x) corresponding to
the given density ⇢ = 3N/4⇡r3

h

x3. In Figure 12, we plot
the evolution of the color strength as a function of the
radial size of the system, in units of the meson radius.
The case when considering the tetraquark and meson re-
combination (Pr

mix

) largely modifies the estimate when
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System A0 A1 A2

Quark-quark

ud 0.64 1.24 1.51

ub 1.13 1.1 1.47

Quark-all

ud 0.24 1.00 4.60

ub 0.31 0.98 3.19

TABLE III: Diquark and quark-all correlation functions pa-
rameters for ud and ub-like mass ratios.

FIG. 10: Diquark static structure factor S(q) (a) and correla-
tion function (b) in the zero density limit, for ud (solid line)
and ub (dashed line) tetraquark systems.

dynamically obtained. The short distance region shows
the competition between the Pauli blocking among the
identical particles and the attractive potential.

The static structure factor S(q) can be obtained as the
Fourier transform of the correlation function g(r). That
is

S(q) = 1 +
N

V

Z
d3r g(r) e�iq·r. (32)

In our case we consider the correlation to depend on the
magnitude of r. In Figure 10 we display the diquark
static structure factor S(q) (a) and correlation function
(b) in the limit of zero density for both ud (solid line)
and ub (dashed line) tetraquark systems.
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Dynamical Recombination
A qualitative estimate of this effect can be exhibited considering a simple expansion model, such 
that we can evolve the system along the density profile. We can define the color strength function

where Pfrag(t)  is the probability that the system has not yet fragmented, with 
τfrag ≈ 3rh the proper lifetime, taken as three times the meson radius rh.



!
We have performed a MC simulation considering three possible structures: two mesons, 
tetraquark and mixed configurations	


!
We determined wether it is energetically more favorable to form a tetraquark or two mesons 
and the mixing among them, as a function of the particle density.	


!
We have shown that there is a modification in the meson-meson correlation function by the 
presence of the tetraquark state at intermediate densities	


!
A parameterization was found for the diquark , which is useful to compute additional static 
properties, in particular we computed the diquark static structure factor.	


!
We did track the dynamical flipping among configurations and determined the recombination 
probability evolution as a function of the particle density. We have shown that the probability 
is largely affected when considering the tetraquark as an intermediate recombination state.	


Conclusions



Thanks !
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