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Abstract: We propose a stationary and nonstationary three dimensional (3-D) models based on the 
transport equation to describe the temporal changes of the rigidity spectrum of the recurrent and spo-
radic Forbush effects of galactic cosmic ray intensity. We show that the temporal changes of the ri-
gidity spectrum of the Forbush effects are shaped in general by the temporal changes of the inter-
planetary magnetic field turbulence; at the same time, the observed similar shapes of the rigidity 
spectrum for various Forbush effects can correspond to the different range of the amplitudes of For-
bush effects caused by the changes of the other parameters of solar wind.  

 

Introduction 

Forbush effects [1] of galactic cosmic ray (GCR) 
intensity observed by super neutron monitors and 
ground muon telescopes can provide extremely 
useful information about the structure of the 
interplanetary magnetic field (IMF) turbulence 
[2-5]. The aim of this paper is to compose the 
various stationary and nonstationary models of 
the Forbush effect to explain the temporal 
changes of the rigidity spectrum of the Forbush 
effect observed by neutron monitors and muon 
telescopes. Our basic scenario is concerning with 
the assumption that the temporal changes of the 
rigidity spectrum ( ) expo-
nent γ of the Forbush effect is strongly related 
with the temporal changes of the exponent ν of 
the power spectral density (PSD) of the IMF 
turbulence [2-5]. 

Experimental data  

The exponent γ of the power law rigidity spec-
trum [6]  

 

 
of Forbush effect was calculated by means of the 
daily average data of the neutron monitors and 
muon telescopes for the Rmax ≤ 100 GV (the up-
per limiting rigidity beyond which the Forbush 
effect of the GCR intensity vanishes) [2-5]. We 
consider the recurrent (2-18 September 1996) and 
the sporadic (8-24 September 2005) Forbush 
effects of the GCR intensity. The changes of the 
GCR intensity by means of smoothed (over 3 
days) daily data of few neutron monitors and 
muon telescopes for each Forbush effect and the 
corresponding temporal changes of the exponents 
γ of the rigidity spectra are presented in Fig. 1ab 
and Fig. 2ab for the recurrent and sporadic For-
bush effects, respectively. For both analyzed 
Forbush effects the rigidity spectra during the 
beginning and recovery phases of the Forbush 
effects generally are relatively soft with respect 
the rigidity spectra in the minima and near min-
ima phases of the GCR intensity. The temporal 
changes of the rigidity spectra exponent γ we 
ascribe to the changes of the structure of the IMF 
turbulence during the Forbush effects. 

Proceedings of the 30th International Cosmic Ray Conference
Rogelio Caballero, Juan Carlos D’Olivo, Gustavo Medina-Tanco,
Lukas Nellen, Federico A. Sánchez, José F. Valdés-Galicia (eds.)
Universidad Nacional Autónoma de México,
Mexico City, Mexico, 2008

Vol. 1 (SH), pages 311–314

ID 235

311



MATHEMATICAL MODEL OF THE FORBUSH EFFECT OF THE GALACTIC COSMIC RAY INTENSITY 

 

Figure 1ab: Temporal changes of the GCR inten-
sities (top panel) and temporal changes of the 
rigidity spectrum exponent γ (bottom panel) for 
period of 2 – 18 September 1996 

 
Particularly, the hardening of the rigidity spec-
trum  of the Forbush effect 
of the GCR intensity (the exponent γ gradually 
decreases) in the minimum and near minimum 
phases of the Forbush effect should be observed 
owing to the increase of the exponent ν of the 
PSD in the energy range of the IMF turbulence 

( ). We assume that the in-
crease of the exponent ν during the Forbush ef-
fect is caused by the creation of new, relatively 
large-scale inhomogeneities in the range of the 

frequencies ~  of the IMF 
turbulence [2-5, 7]. The new created large-scale 
inhomogeneities can be connected with scattering 
of the convected structure of the IMF [E. Marsch, 
private discussion]. We assume that for the For-
bush effects of the GCR intensity the changes of 
the rigidity spectra  are 
stipulated by the changes of diffusion coefficient 
K versus the rigidity R of the GCR particles [8]. 
It is of interest how the exponents ν of the PSD 
of the Bx, By and Bz components of the IMF 
changes with respect to the exponent γ of the 
rigidity spectra of both Forbush effects analyzed 
in this paper. 

 

Figure 2ab: Temporal changes of the GCR inten-
sities (top panel) and temporal changes of the 
rigidity spectrum exponent γ  (bottom panel) 
for period of 8 – 23 September 2005 

 
To obtain the values of the exponent ν of the 
acceptable accuracy there is needed the definite 
length of the using data series. So, we considered 
three periods, before (I), during (II) and after (III) 
the Forbush effects. Lengths of data series for I 
and III periods are predetermined by the duration 
of Forbush effect (length of the II period). The 
exponents ν of the PSD of the Bx, By and Bz 
components of the IMF were calculated using 1 
hour IMF data from Ulysses for recurrent For-
bush effect, and from ACE for sporadic Forbush 
effect. The values of the exponents ν for Bx, By 
and Bz components of the IMF for all three peri-
ods are presented in Table 1. Table 1 shows that 
during the Forbush effect (II period) the expo-
nents ν are greater for all Bx, By and Bz compo-
nents, than before (I period) and after the Forbush 
effect (III period). Thus, the reversal dependence, 

 [2-5] between the exponent ν of the 
PSD of the IMF turbulence and the exponent γ of 
the rigidity spectrum of the Forbush effects 
(when the ν increases the γ decreases) is related 
with the changes of the IMF turbulence during 
the Forbush effects. The observed similar shapes 
of the rigidity spectrum for various Forbush ef-
fects can correspond to the different range of the 
amplitudes of Forbush effects caused by the 
changes of the other parameters of solar wind 
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Table 1 

Fo
rb

us
h 

ef
fe

ct
 

IMF Value of the exponent ν   
of the PSD of the IMF 

Per-
iod 

I 
19– 31 

Aug 

II 
1 – 15  

Sep  

III 
16-28  
Sep 

Bx 1.65±0.05 1.85±0.06 1.35±0.05 
By 1.41±0.04 1.60±0.04 1.54±0.05 

Se
pt

em
be

r 
19

96
 

Bz 1.36±0.04 1.68±0.05 1.44±0.05 

Per-
iod 

I  
24 Aug 

– 8 Sep 

II 
9 – 25 
Sep 

III 
25 Sep 

– 9 Oct 
Bx 1.63±0.05 1.65±0.05 1.53±0.06 
By 1.58±0.05 1.80±0.06 1.63±0.05 

Se
pt

em
be

r 
20

05
 

Bz 1.25±0.04 1.87±0.05 1.59±0.05 

 

Theoretical modeling  

We describe the Forbush effect of the GCR based 
on the transport equation [9]: 

 
Where N and R are density and rigidity of cosmic 
ray particles, respectively; Ui – solar wind veloc-
ity,  is the anisotropic diffusion tensor of 

cosmic rays. For Forbush effect we accept that 
characteristic time of modulation is equal to the 
Sun's complete rotation period-27-days (~ 2.33 x 
10 6 s), so the size of the vicinity where the For-
bush effect take place equals ~ 6 astronomical 
unites (AU). Modulation region is taken ~ 30 AU, 
which is 5 times greater than the vicinity respon-
sible for the Forbush effect.  
As far the change of the exponent ν characterizes 
the state of the IMF turbulence, we assume that ν 
changes versus the heliolongitudes in the station-
ary model of the recurrent Forbush effect and 
versus the time in nonstationary model of the 
sporadic Forbush effect [3-5]. 

The parallel diffusion coefficient  of cosmic 
ray particles has a form: , 
where  

 (for the rigidity of 10 
GV), , in the case of the 
stationary model of the recurrent Forbush effect: 

, 
 

and in the case of the nonstationary model of the 
sporadic Forbush effect: 

, 

. 

    
Figure 3ab: Changes of the expected amplitudes 
of the Forbush effect of the GCR intensity for the 
rigidity of 10 GV based on the solutions of the 
stationary model of the recurrent Forbush effect 
(a), and of the nonstationary model of the spo-
radic Forbush effect (b). 

 
The expected changes of the density of the GCR 
for the rigidity of 10 GV during the Forbush 
effects are presented in Fig.3ab for stationary 
model of the recurrent and nonstationary model 
of the sporadic Forbush effect, respectively. 
We calculated the expected power law rigidity 
spectrum of the Forbush effect as 

 for the both Forbush 

effects (Fig.3ab). In Fig.4ab are presented the 
changes of the expected exponent γ, the exponent 

 and ; the later is included in the 
transport equation as a parameter responsible for 
the changes of the condition of the IMF turbu-
lence for the stationary model of the recurrent 
and nonstationary model of the sporadic Forbush 
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effect, respectively. Fig.4ab shows that the rigid-
ity spectrum is hardening during the decrease 
phases of the Forbush effects; the exponent γ is 
inversely correlated with the parameters  
and , by the same token confirming our 
assumption.  

     
Figure 4ab: Temporal changes of the expected 
rigidity spectrum exponent γ and exponent  of 
the PSD of the IMF turbulence for the stationary 
model of the recurrent Forbush effect (a), and for 
the nonstationary model of the sporadic Forbush 
effect (b) 

 
Conclusions 

The hardening of the rigidity spectrum 
 of the Forbush effect of the GCR 

intensity (the exponent γ gradually decreases) in 
the minimum phase of the Forbush effect takes 
place owing to the increase of the exponent ν 
caused by the creation of the new, relatively large 
scale inhomogeneities in the  
range of IMF turbulence. This process can be 
taken place due to the non-linear interactions of 
the high-speed solar wind streams with the back-
ground solar wind. 

The relationship between the exponent γ and the 
exponent ν is observed owing to the dependence 
of the diffusion coefficient K of GCR particles on 
the rigidity R as,  where, according to the 
quasi linear theory, . 
The time dependent three dimensional model 
satisfactorily describes the behaviour of the ex-
ponent γ during the sporadic Forbush effect, 
whereas the stationary model is successfully 
acceptable for describing of the recurrent Forbush 
effect; the theoretical calculations are compatible 
with the results obtained based on the neutron 

monitors and ground muon telescopes experi-
mental data. 
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